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Preface

This text studies heavy-tailed distributions in probability theory, and especially

convolutions of such distributions. The main goal is to provide a complete and com-

prehensive introduction to the theory of long-tailed and subexponential distributions

which includes many novel elements and, in particular, is based on the regular use

of the principle of a single big jump. Much of the material appears for the first time

in text form, including:

— The establishment of new relations between known classes of subexponential
distributions and the introduction of important new classes

— The development of some important new concepts, including those of
h-insensitivity and local subexponentiality

— The presentation of new and direct probabilistic proofs of known asymptotic
results

A number of recent textbooks and monographs contain some elements of the
present theory, notably those by S. Asmussen [1, 2], P. Embrechts, C. Kliippelberg,
and T. Mikosch [22], T. Rolski, H. Schmidli, V. Schmidt, and J. Teugels [42],
and A. Borovkov and K. Borovkov [9]. Further, the monograph by N. Bingham,
C. Goldie, and J. Teugels [7] comprehensively develops the theory of regularly
varying functions and distributions; the latter form an important subclass of the
subexponential distributions. We have been influenced by these books and by further
contacts with their authors.

Chapters 2 and 3 of the present monograph deal comprehensively with the prop-
erties of heavy-tailed, long-tailed and subexponential distributions, and give appli-
cations to random sums. Chapter 4 develops concepts of local subexponentiality and
gives further applications. Finally, Chap.5 studies the distribution of the maximum
of a random walk with negative drift and heavy-tailed increments; notably it con-
tains new and short probabilistic proofs for the tail asymptotics of this distribution
for both finite and infinite time horizons. The study of heavy-tailed distributions in
more general probability models — for example, Markov-modulated models, those
with dependencies, and continuous-time models — is postponed until such future
date as the authors may again find some spare time. Nevertheless, the same basic
principles apply there as are developed in the present text.
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Notation and Conventions

Intervals

Integrals
R,R*, RS

0, o, and ~

P{B}
P{B|A}

ES
E{S:B}
FxG
F*I‘l

5+, Ft

(x,y) is an open, [x,y] a closed interval; half-open intervals are
denoted by (x,y] and [x,y).

J7 is the integral over the interval (x,y].

Stand for the real line, the positive real half-line [0,c), and s-
dimensional Cartesian space.

Stand for the set of integers and for the set {0, 1,2,...}.

Stands for the indicator function of A, that is I(A) = 1 if A holds and
I(A) = 0 otherwise.

Let u and v depend on a parameter x which tends, say, to infinity.
Assuming that v is positive we write

u=0(v) if limsup|u|/v < e

X—
u=o() if u/v—0asx— e

u~v if u/v—1asx— eo.

Stands for the probability (on some appropriate space) of the event B.
Stands for the conditional probability of the event B given A, that is,
for the ratio P{BA} /P{A}.

Stands for the mean of the random variable &.

Stands for the mean of & over the event B, that is, for EEI(B).
Stands for the convolution of the distributions ' and G.

Stands for the n-fold convolution of the distribution F with itself.
For any random variable & on R with distribution F, the random
variable £ = max(&,0) and F denotes its distribution.

The quantity on the left (right) is defined to be equal to the quantity
on the right (left).

Indicates the end of a proof.






Chapter 1
Introduction

Heavy-tailed distributions (probability measures) play a major role in the analysis of
many stochastic systems. For example, they are frequently necessary to accurately
model inputs to computer and communications networks, they are an essential com-
ponent of the description of many risk processes, they occur naturally in models of
epidemiological spread, and there is much statistical evidence for their appropriate-
ness in physics, geoscience and economics. Important examples are Pareto distribu-
tions (and other essentially power-law distributions), lognormal distributions, and
Weibull distributions (with shape parameter less than 1). Indeed most heavy-tailed
distributions used in practice belong to one of these families, which are defined,
along with others, in Chap.2. We also consider the Weibull distribution at the end
of this chapter.

Since the inputs to systems such as those described above are frequently cumu-
lative in their effects, the analysis of the corresponding models typically features
convolutions of heavy-tailed distributions. For a satisfactory theory it is necessary
that these distributions possess certain regularity conditions. From the point of view
of applications practically all heavy-tailed distributions may be considered to be
long-tailed, and indeed to possess the stronger property of subexponentiality (see
below for definitions).

In this monograph we study convolutions of long-tailed and subexponential dis-
tributions on the real line. Our aim is to prove some important new results, and to
do so through a simple, coherent and systematic approach. It turns out that all the
standard properties of such convolutions are then obtained as easy consequences
of these results. Thus we also hope to provide further insight into these properties,
and to dispel some of the mystery which still seems to surround the phenomenon of
subexponentiality in particular.

We define the tail function F of a distribution F on R to be given by F(x) =
F(x,o0) for all x. We describe as a tail property of F any property which depends
only on {F (x) : x > xo} for any (finite) xo. We further say that F has right-unbounded
support if F(x) > 0 for all x.

S. Foss et al., An Introduction to Heavy-Tailed and Subexponential Distributions, 1
Springer Series in Operations Research and Financial Engineering,
DOI 10.1007/978-1-4419-9473-8_1, (©) Springer Science+Business Media, LLC 2011



2 1 Introduction

Heavy-Tailed Distributions

A distribution F on R is said to be (right-) heavy-tailed if

/ M F(dx) =0 forall 1 >0, (1.1)

—oo

that is, if and only if F fails to possess any positive exponential moment. Otherwise
F is said to be light-tailed. We shall show in Chap. 2 that the distribution F is heavy-
tailed if and only if its tail function F fails to be bounded by any exponentially
decreasing function.

It follows that for a distribution F to be heavy-tailed is a tail property of F, and
of course that any heavy-tailed distribution has right-unbounded support.

We mention briefly at this point the connection with hazard rates. Let F' be a
distribution on R which is absolutely continuous with density f with respect to
Lebesgue measure. Such a distribution is often characterised in terms of its hazard
rate r(x) = f(x)/F(x), most naturally in the case where F is concentrated on the
positive half-line R*. We then have

Fx) = exp (_ L 1 ) dy).

It follows easily from (1.1) that if lim r(x) = O then the distribution F is heavy-
X—>00
tailed, whereas if liminfr(x) > 0 then F fails to be heavy-tailed (indeed the inte-

X—o0

gral in (1.1) is finite for any A such that liminfr(x) > A). In the final case where
X—00

liminfr(x) = 0 but in which the limit itself fails to exist then both possibilities for

X—00

F exist.

Long-Tailed Distributions

A distribution F on R is said to be long-tailed if F has right-unbounded support
and, for any fixed y > 0,
F(x+y)

Tx)_)l as X — oo, (12)

Clearly to be long-tailed is again a tail property of a distribution. Further, it is fairly
easy to see that a long-tailed distribution is also heavy-tailed. However, the condi-
tion (1.2) implies a degree of smoothness in the tail function F which is not pos-
sessed by every heavy-tailed distribution.
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Subexponential Distributions

In order to make good progress with heavy-tailed distributions, we require a slightly
stronger regularity condition than the requirement that such a distribution be long-
tailed. This will turn out to be satisfied by all heavy-tailed distributions likely to be
encountered in practice.

We consider first distributions on the positive half-line R*. Let F be any distri-
bution on R™ and let &, ..., &, be independent random variables with the common
distribution F'. Then

P{& +...+ & >x} > P{max(&,..., &) > x}
=1-F"(x)
~nF(x) asx— oo. (1.3)

(Here and throughout we use “~” to mean that the ratio of the quantities on ei-
ther side of this symbol converges to one; we further frequently omit, especially in
proofs, the qualifier “as x — <”, as unless otherwise indicated all our limits will be
of this form.)
Taking n = 2 it follows in particular that
F+F(x)

minf —=2= 22 (14)

where as usual, for any two distributions F and G, by F * G we denote their convo-
lution, i.e. the distribution of the random variable & 4+ 1 where the random variables
& and 1 are independent with distributions F and G.

A considerably deeper result (proved in Chap. 2) than the above inequality (1.4)
is that if F is heavy-tailed then the relation (1.4) holds with equality. (We remark
that there are also examples of light-tailed distributions on R for which (1.4) holds
with equality.) The distribution ' on R™" is said to be subexponential if

lim Fi—F(x) =2. (1.5)

¥ F(x)
It turns out that the above condition is now sufficient to ensure that F' is heavy-
tailed — and indeed that F is long-tailed. Thus a distribution F on R™ is subexpo-
nential if and only if is heavy-tailed and sufficiently regular that the limit on the left
side of (1.5) exists; this limit is then equal to 2. It is therefore not surprising that
the various examples of heavy-tailed distributions on R™ mentioned at the start of
this chapter all turn out to be subexponential. Indeed those heavy-tailed distributions
which do not possess this property are all distinctly pathological in character.

We shall see that subexponentiality as defined above is also a tail property of the
distribution F. Inductive arguments (see Chap. 3) now show that if a distribution F’
on R is subexponential then the relation (1.5) generalises to

F(x)

% F

=n forall integern > 1
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(where F*" denotes the n-fold convolution of the distribution F with itself). It fol-
lows from this and from the argument leading to (1.3) that subexponentiality of F is
equivalent to the requirement that

P{max(&,..., &) >x} ~P{& +---+&, >x} asx— oo, (1.6)

The interpretation of the condition (1.6) is that the only significant way in which
the sum &; + - -+ + &, can exceed some large value x is that the maximum of one of
the individual random variables &y, ..., &, also exceeds x. This is the principle of a
single big jump which underlies the probabilistic behaviour of sums of independent
subexponential random variables.

Since subexponentiality is a tail property of a distribution, it is natural, and im-
portant for many applications, to extend the concept to a distribution F on the entire
real line R. This may be done either by requiring that F have the same tail as that
of a subexponential distribution on R (it is natural to consider the distribution F™
given by FT(x) = F(x) for x > 0 and FT(x) = 0 for x < 0) or, equivalently as it
turns out, by requiring that F' is long-tailed and again satisfies the condition (1.5) —
the latter condition on its own no longer being sufficient for the subexponentiality
of F. We explore these matters further in Chap. 3.

We develop also similar concepts of subexponentiality for local probabilities and
for densities (see Chap. 4).

Further examples of heavy-tailed distributions which are of use in practical ap-
plications, e.g. the modelling of insurance claim sizes, are given by Embrechts,
Kliippelberg, and Mikosch [22]. These, and the examples mentioned above, are all
well-behaved in a manner we shall shortly make precise. However, mathematically
there is a whole range of further possible distributions, and one of our aims is to
provide a firm basis for excluding those which are in some sense pathological and
to study the properties of those which remain.

Example: The Weibull Distribution

In order to understand better the typical behaviour of heavy-tailed distributions, that
is, the single big jump phenomenon — as opposed to the behaviour of distributions
which are light-tailed — we study the Weibull distribution F,, given by its tail function

Fo(x)=e™, x>0, (1.7)

and hence density fy(x) = o0x® 'e™", x > 0, for some shape parameter o > 0.
This is a heavy-tailed distribution if and only if o < 1, and is then sometimes called
a stretched exponential distribution — notably in physics. We refer to Hallinan [27]
for a historical review of Weibull distribution. Note that in the case o = 1 we have
the exponential distribution. All moments of the Weibull distribution are finite.

In practice, this class of distributions is motivated in part by the fact that the large
deviations of multiplicative processes are usually Weibull-distributed, see Frisch
and Sornette [26]. For example, consider n independent random variables &1, ..., &,
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with a common light-tailed distribution F such that F (x) ~ e~ with y > 1, for
instance an exponential or normal distribution. Then the tail of the distribution of
their product &; ... &, possesses the following lower bound:

P{E ... & > x} > P{& > Vx,...,E > Vx}
— () ~ e,

and the shape parameter of this Weibull distribution is less than 1 when n > ¥;
for the exponential distribution the product &, &, is heavy-tailed, while for the nor-
mal distribution the triple product &;&,&; is heavy tailed. Many examples of why
the Weibull distribution is valuable in describing different phenomena in nature
and in economics may be found in Laherreére and Sornette [35], Malevergne and
Sornette [37], Sornette [45] and Metzler and Klafter [38].

Now let &; and &, be independent random variables with common Weibull dis-
tribution function Fy, as given by (1.7). We consider the distribution of the random
variable & /d conditional on the sum & + & = d for varying values of d and the
shape parameter o. This conditional distribution has density g, 4 Where
)]aflefd”(zaJr(lfz)“)

8aa(z) =clz(1—z2 (1.8)

)

for the appropriate normalising constant c. Clearly this conditional density is sym-
metric about 1/2. The left panel of Fig. 1.1 plots the density for d = 10 and for each
of the three cases ov = 0.5, o = 1, and o = 2, while the right panel plots the density
for d =25 and for each of the same three values of oc. We see that in the heavy-tailed
case oo = 0.5, conditional on the fixed value d of the sum &; + &,, the value of &; /d
tends to be either close to 0 or close to 1; further this effect is more pronounced for
the larger value of d. For the case o = 1 and for any value of d, the above condi-
tional density is uniform. For the case o0 = 2, we see that the conditional density of
&1/d is concentrated in a neighbourhood of 1/2, and that again this concentration is
more pronounced for the larger value of d.

density

0.0 02 04 06 08 1.0 00 02 04 06 08 1.0

Fig. 1.1 Density of & /d conditional on & + & = d, for d = 10 (left panel) and d = 25 (right
panel), and for oo = 0.5 (solid line), oo = 1 (short-dashed line) and o = 2 (long-dashed line)
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These observations are readily verified from (1.8). Indeed it follows from that
expression that, for o < 1 and as d — o, the distribution of &; /d conditional on
&1 + & = d converges to that which assigns probability 1/2 to each of the points
0 and 1. For o« = 1 and for all d, the distribution is uniform. Finally, for o¢ > 1
and as d — oo, the distribution converges to that which is concentrated on the single
point 1/2.



Chapter 2
Heavy-Tailed and Long-Tailed Distributions

In this chapter we are interested in (right-) tail properties of distributions, i.e. in
properties of a distribution which, for any x, depend only on the restriction of
the distribution to (x,ee). More generally it is helpful to consider tail properties
of functions.

Recall that for any distribution F on R we define the tail function F by

F(x)=F(x,»), x€R.

We start with characteristic properties of heavy-tailed distributions, that is, of distri-
butions all of whose positive exponential moments are infinite. The main result here
concerns lower limits for convolution tails, see Sect. 2.3.

Following this we study different properties of long-tailed distributions, that is,
of distributions whose tails are asymptotically self-similar under shifting by a con-
stant. Of particular interest are convolutions of long-tailed distributions. Our ap-
proach is based on a simple decomposition for such convolutions, and on the concept
of ‘h-insensitivity’ for a long-tailed distribution with respect to some (slowly) in-
creasing function 4. In Sect. 2.8, we present useful characterisations of A-insensitive
distributions.

2.1 Heavy-Tailed Distributions

The usage of the term “heavy-tailed distribution” varies according to the area of
interest, but is frequently taken to correspond to an absence of (positive) exponential
moments. In the following definitions — which, for completeness here, repeat some
of those made in the Introduction — we follow this tradition.

Definition 2.1. A distribution F on R is said to have right-unbounded support if
F(x) >0 for all x.

S. Foss et al., An Introduction to Heavy-Tailed and Subexponential Distributions, 7
Springer Series in Operations Research and Financial Engineering,
DOI 10.1007/978-1-4419-9473-8_2, (©) Springer Science+Business Media, LLC 2011
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Definition 2.2. We define a distribution F to be (right-) heavy-tailed if and only if

/ ¢MF(dx) = forall A > 0. (2.1
R

It will follow from Theorem 2.6 that to be heavy-tailed is indeed a tail property
of a distribution. As a counterpart we give also the following definition.

Definition 2.3. A distribution F is called light-tailed if and only if

/ e}“‘F(dx) < oo forsome A >0, 2.2)
R

i.e. if and only if it fails to be heavy-tailed.

Clearly, for any light-tailed distribution F on the positive half-line R =0, o),
all moments are finite, that is, [, xFF (dx) < oo for all k > 0.

We shall say that a nonnegative function (usually tending to zero) is heavy-tailed
if it fails to be bounded by a decreasing exponential function. More precisely we
make the following definition.

Definition 2.4. We define a function f > 0 to be heavy-tailed if and only if

limsup f(x)e** = e forall A > 0. (2.3)

X—00

For a function to be heavy-tailed is clearly a tail-property of that function. Theorem
2.6 shows in particular that a distribution is heavy-tailed if and only if its tail func-
tion is a heavy-tailed function. First we make the following definition.

Definition 2.5. For any distribution F, the function R(x) := —InF(x) is called the
hazard function of the distribution. If the hazard function is differentiable then its
derivative r(x) = R'(x) is called the hazard rate.

The hazard rate, when it exists, has the usual interpretation discussed in the Intro-
duction.

Theorem 2.6. For any distribution F the following assertions are equivalent:
(i) F is a heavy-tailed distribution.

(ii) The function F is heavy-tailed.
(iii) The corresponding hazard function R satisfies iminfy_.. R(x)/x = 0.
(iv) For some (any) fixed T > 0, the function F (x,x + T) is heavy-tailed.

Proof. (1)=(iv). Suppose that the function F(x,x + T] is not heavy-tailed. Then

c:=supF(x,x+ T]e”x <o forsome A’ >0,
x€R
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and, therefore, for all A < A’

/ MF(dx) < Y AVTF (0T nT +T)
0 n=0

oo

i ’ ’
Z A(n+1) T, —A'nT Ce?LT z e(l—l T < oo
n=0 n=0

| /\

It follows that the integral defined in (2.1) is finite for all A € (0,A"), which implies
that the distribution F' cannot be heavy-tailed. The required implication now follows.

(iv)=>(ii). This implication follows from the inequality F (x) > F (x,x+ T].

(ii)=-(iii). Suppose that, on the contrary, ‘liminf’ in (iii) is (strictly) positive.
Then there exist xo > 0 and € > 0 such that R(x) > &x for all x > xo which implies
that F (x) < e~ #* in contradiction of (ii).

(iii)=-(i). Suppose that, on the contrary, F is light-tailed. It then follows from
(2.2) (for example by the exponential Chebyshev inequality) that, for some A > 0
and ¢ > 0, we have F(x) < ce~** for all x. This implies that liminf,_.. R(x) /x > A
which contradicts (iii). O

Lemma 2.7. Let the distribution F be absolutely continuous with density function f.
Suppose that the distribution F is heavy-tailed. Then the function f(x) is heavy-
tailed also.

Proof. Suppose that f(x) is not heavy-tailed; then there exist A’ > 0 and xo such
that

= sup f(x)e!" < oo,

X>X()

and, therefore, for all A € (0,1")

/ MF (dx) < &M +c/ e M dx < oo,
R

X0

It follows that the integral defined in (2.1) is finite for all A such that 0 < A < A/,
which contradicts heavy-tailedness of the distribution F'. ad

We give an example to show that the converse assertion is not in general true.
Consider the following piecewise continuous density function:

oo

fx) =Y Hxenn+27"}.

n=1

We have limsup, ., f(x)e** = oo for all A > 0, so that f is heavy-tailed. On the
other hand, for all 4 € (0,In2),

oo

/welx (x)dx < i ek(nJrZ’")an _ Zek(nJrZ’")fnan < oo,
0 n=1

n=1

so that F is light-tailed.



10 2 Heavy-Tailed and Long-Tailed Distributions

For lattice distributions we have the following result.

Lemma 2.8. Let F be a distribution on some lattice {a+hn,n € Z}, a € R, h >0,
with probabilities F{a+hn} = p,. Then F is heavy-tailed if and only if the sequence
{pn} is heavy-tailed, that is,

limsup pue*” = forall A > 0. 2.4)
n—oo
Proof. The result follows from Theorem 2.6 with 7' = h. a

Examples of Heavy-Tailed Distributions

We conclude this section with a number of examples.

e The Pareto distribution on R . This has tail function F given by

o ()

for some scale parameter k¥ > 0 and shape parameter o > 0. Clearly we have
F(x) ~ (x/K) ™% as x — oo, and for this reason the Pareto distributions are some-
times referred to as the power law distributions. The Pareto distribution has all
moments of order ¥ < « finite, while all moments of order ¥ > o are infinite.

o The Burr distribution on R*. This has tail function F given by

Fl) = (xfi K)a

for parameters o, k,7 > 0. We have F(x) ~ k%x~ ™ as x — oo; thus the Burr
distribution is similar in its tail to the Pareto distribution, of which it is otherwise
a generalisation. All moments of order y < o7 are finite, while those of order
Y > ot are infinite.

e The Cauchy distribution on R. This is most easily given by its density function f
where

T

K
n((x—a)*+ x2)
for some scale parameter k¥ > 0 and position parameter a € R. All moments of

order y < 1 are finite, while those of order y > 1 are infinite.
e The lognormal distribution on R*. This is again most easily given by its density

function f where
1 logx — p)?
f(2) = —=—exp (—( g1 )

fx) =

- \2rox 202

for parameters ¢ and o > 0. All moments of the lognormal distribution are
finite. Note that a (positive) random variable & has a lognormal distribution with
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parameters i and o if and only if log & has a normal distribution with mean y
and variance 6. For this reason the distribution is natural in many applications.
e The Weibull distribution on R™. This has tail function F given by

F(x) = e &/%)°

for some scale parameter K > 0 and shape parameter o > 0. This is a heavy-
tailed distribution if and only if or < 1. Note that in the case oo = 1 we have the
exponential distribution. All moments of the Weibull distribution are finite.

Another useful class of heavy-tailed distributions is that of dominated-varying
distributions. We say that F' is a dominated-varying distribution (and write F € D)
if there exists ¢ > 0 such that

F(2x) > cF(x) forall x.

Any intermediate regularly varying distribution (see Sect.2.8) belongs to D. Other
examples may be constructed using the following scheme. Let G be a distribution
with a regularly varying tail (again see Sect.2.8). Then a distribution F' belongs to
the class D, provided ¢; G (x) < F(x) < ¢2G(x) for some 0 < ¢ < ¢ < oo and for
all sufficiently large x.

2.2 Characterisation of Heavy-Tailed Distributions in Terms
of Generalised Moments

A major objective of this and the succeeding section is to establish the important,
if somewhat analytical, result referred to in the Introduction that for a heavy-tailed
distribution F on R* we have liminf, ... F * F (x) /F (x) = 2. This is Theorem 2.12.
As remarked earlier, it will then follow (see Chap. 3) that the subexponentiality of
a distribution F on R is then equivalent to heavy-tailedness plus the reasonable
regularity requirement that the limit as x — oo of F x F(x) /F(x) should exist.

In the present section we therefore consider an important (and again quite analyt-
ical) characterisation of heavy-tailed distributions on R™, which is both of interest
in itself and essential to the consideration of convolutions in the following section.
In very approximate terms, for any such distribution we seek the existence of a
monotone concave function A such that the function e~"() characterises the tail of
the distribution.

If a distribution F on the positive half-line R™ is such that not all of its moments
are finite, that is, [ xFF (dx) = oo for some k, then F is heavy-tailed. In this case we
can find such k > 1 that the kth moment is infinite, while the (k — 1)th moment is
finite. That is

/xe(k_l)lan(dx):w and / e(k_l)lan(dx)<°°- (2.5)
0 0
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Note that here the power of the exponent is a concave function. This observation
can be generalised onto the whole class of heavy-tailed distributions as follows.

Theorem 2.9. Let & > 0 be a random variable with a heavy-tailed distribution. Let
the function g(x) be such that g(x) — oo as x — oo, Then there exists a monotone

concave function h : Rt — R* such that h(x) = o(x) as x — oo, Ee"8) < oo, and
Eeh(6)+8(8) — oo,

Now (2.5) is a particular example of the latter theorem with g(x) = Inx. In this
case, if not all moments of & are finite, the concave function h(x) may be taken as
(k—1)Inx for k as defined above. However, Theorem 2.9 is considerably sharper:
it guarantees the existence of a concave function 4 for any function g (such that
g(x) — o0 as x — o), which may be taken as slowly increasing as we please.

As a further example, note that if £ has a Weibull distribution with tail function
F(x) =e™*, o€ (0,1), and if g(x) = Inx, then one can choose h(x) = (x4 ¢)* —
In(x+ ¢), with ¢ > 0 sufficiently large.

Note also that Theorem 2.9 provides a characteristic property of heavy-tailed dis-
tributions; it fails for any light-tailed distribution. Indeed, consider any non-negative
random variable £ having a light-tailed distribution, that is, Ee*S < oo for some
A > 0. Take g(x) = Inx. If ~(x) = o(x) as x — oo, then h(x) < ¢+ Ax/2 for some
¢ < oo and, hence,

Ee"(6)+8(6) < BEe4E/2 < oo,

Proof (of Theorem 2.9). We will construct a piecewise linear function %(x). To do
SO we construct two positive sequences x, | e and &, | 0 as n — oo and let

h(x)=h(xp—1)+e(x—x,—1) ifx€ (xp_1,xn), n > 1.

This function is monotone, since €, > 0. Moreover, this function is concave, due to
the monotonicity of g,.

Put xo = 0 and /#(0) = 0. Since & is heavy-tailed and g(x) — oo, we can choose
x; sufficiently large that e$®) > 2 for all x > x| and

E{e*:& € (xo,x1]} + € F(x1) > F(xo) + 1.
Choose €; > 0 so that
E{e®1%;& € (xo,x1]} +e" 1 F(x1) = F(0)+1/2,
which is equivalent to
E{e"®); € € (x0,x1]} + "F (x)) = "OF(0)+1/2.

By induction we construct an increasing sequence x,, and a decreasing sequence
&, > 0 such that e ®) > 2" for all x > x,, and

E{"©);& € (xp_1,xa]} + " F (x,) = " VF (x,_1) 4 1/2"
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for any n > 2. For n = 1 this is already done. Make the induction hypothesis for
some n > 2. Due to the heavy-tailedness of & and to the convergence g(x) — oo,
there exists x,. 1 so large that €80 > 2nt1 for all x > Xp+1 and

E{ee,,(éfxn);sg' c (x,17xn+1]} +e£n(xn+1*xn)F(xn+1) > 2.
As a function of g, |, the sum
E{€£"+1<57xn);é c (-xna-xn+1]} +egpz+l(xn+l*Xn)F(_xn+1)

is continuously decreasing to F(x,) as &, | 0. Therefore, we can choose &, €
(0,&,) so that

E{efr16—5): & € (xy,xp41]} + S it =0 F (x, 1) = F(x,) + 1/ (27 ")),
By the definition of A(x) this is equivalent to the following equality:
E{e"©): & € (xpxni1]} + "V F (x,41) = "F (x,) 4 1/271

Our induction hypothesis now holds with 7+ 1 in place of n as required.
Next, for any N,

N
E{eh(é);é <anvi1) = ZE{eh@;é € (%n, Xp41]}
n=0

= i)(eh(x”)f(xn) — " )F (x, ) + 1/2”“)
< "0 (xo) + 1.
Hence, E¢"(©) is finite. On the other hand, since 8 > 2" for all x > x,,,
E{"©)F80). & > x,} > 2"E{"®);E > x,}
> o (E{eh<é>;g € (tsnr1]} +eh("”+‘)l7(x,,+1))
=2" (eh<x”)f(xn) + 1/2"“).
Then E{eh(‘g)“@;é > x,} > 1/2 for any n, which implies Ee8)+8(8) = . Note

also that necessarily lim,,_... &, = 0; otherwise liminf#(x) /x > 0 and & is light tailed.
X—o0
O

The latter theorem can be strengthened in the following way (for a proof see [18]):

Theorem 2.10. Let & > 0 be a random variable with a heavy-tailed distribution. Let
f:R* — R be a concave function such that Ee/(8) = oo. Let the function g : RT — R
be such that g(x) — o as x — oo. Then there exists a concave function h: RT™ — R™
such that h < f, Ee"%) < oo and Ee(8)T8(8) = oo,
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2.3 Lower Limit for Tails of Convolutions

Recall that the convolution F x G of any two distributions F' and G is given by, for
any Borel set B,

(F+G)B) = [ F(B-y)G(@y) = [ GB-y)F@y),

where B—y = {x —y: x € B}. If, on some probability space with probability mea-
sure P, £ and 1 are independent random variables with respective distributions F
and G, then (F x G)(B) = P{£ +n € B}. The tail function of the convolution, the
convolution tail, of F and G is then given by, for any x € R,

FrGx) =P{e+n>x) = [ Flr=»Gdy) = [ Glx—y)F(ay)

Now let F be a distribution on R ™. In the present section we discuss the following
lower limit:

F+F
liming £ 2 F &)
2

X—00 (X ’

in the case where F is heavy-tailed. We start with the following result, which gen-
eralises an observation in the Introduction.

Theorem 2.11. Let Fy,..., F, be distributions on RY with unbounded supports.
Then

Proof. Leté&, ..., &, be independent random variables with respective distributions
Fi, ..., F,. Since the events {&; > x,&; € [0,x] for all j # k} are disjoint for different
k, the convolution tail can be bounded from below in the following way:

Fy#...x Fy(x)

v
M=

P{& > x,&; € [0,x] for all j # k}
k=1

I
M=
|
Ead
=
o

(%)

k=11 j#k
1 —_—
NZFk(x) as x — oo,
k=1
which implies the desired statement. O

Note that in the above proof we have heavily used the condition Fi(R™) = 1; for
distributions on the whole real line R Theorem 2.11 in general fails.
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It follows in particular that, for any distribution F on R with unbounded support
and for any n > 2,

F*Vl
liminf &) > . (2.6)
e F(x)
In particular,
FxF
imint &) S o 2.7)
e TE )

As already discussed in the Introduction, in the light-tailed case the limit given
by the left side of (2.7) is typically greater than 2. For example, for an exponential
distribution it equals infinity. Thus we may ask under what conditions do we have
equality in (2.7). We show that heavy-tailedness of F' is sufficient.

Theorem 2.12. Let F be a heavy-tailed distribution on R™. Then

F+F
fiming P& o (2.8)
)

Proof. By the lower bound (2.7), it remains to prove the upper bound only, that is,

fiming 200
o F(x

<2.

Assume the contrary, i.e. there exist § > 0 and x such that
FxF(x)>(2+68)F(x) forall x> xo. (2.9)

Applying Theorem 2.9 with g(x) = Inx, we can choose an increasing concave
function i : R* — R™ such that Ee(®) < oo and EEeM8) = oo, For any positive
b > 0, consider the concave function

hp(x) := min(h(x), bx).

Since F is heavy-tailed, h(x) = o(x) as x — o; therefore, for any fixed b there exists
x1 such that A, (x) = h(x) for all x > x;. Hence, Ee/*(5) < co and E&e(8) = oo,

For any x, we have the convergence /,(x) | 0 as b | 0. Then Eehv (1) llasb]O.
Thus there exists b such that

Ee (&) <148 /4. (2.10)
For any real a and , put a) = min(a, t). Then

E(gl[’] + gz[f])ehb(iﬁiz) - ZE};][’]ehb(éﬁ&) < 2E§1[t]ehb(§l)+hb(é2),
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by the concavity of the function /;. Hence,
E(&] M gg ) hp(E1+82) _ ZEélm e (G Ry (52)
EE el (&) - E&[ et (&)
= 2R <246/2, 2.11)

by (2.10). On the other hand, since (&, + &)/ < <§1 +&7, I

E(élm + éé’])ehh(iﬁriz) - E(& + 62)[t]ghb(5l+é2)
B el ) - ]Eg 1 gho &)

s (F « F)(dx)
fo ehh F(dx)

The right side, after integration by parts, is equal to

2.12)

fomm(x)d(x[t] )
Jo Fx)d(xles))

Since E& e/(51) = oo, in the latter fraction both the integrals in the numerator and
the denominator tend to infinity as r — . For the increasing function h(x), together
with the assumption (2.9) this implies that

> F T ()d () oo @)
liminfd0 X F@AOTRT) L
t—0oo0 fO F(x)d(x[t]ehb(x>)

Substituting this into (2.12) we get a contradiction to (2.11) for sufficiently large ¢.
O

It turns out that the ‘liminf” given by the left side of (2.7) is equal to 2 not only
for heavy-tailed, but also for some light-tailed, distributions. Here is an example.
Let F be an atomic distribution at the points x,, n =0, 1, ..., with masses p,, i.e.,
F{x,} = pn. Suppose that xo = 1 and that x| > 2x, for every n. Then the tail of
the convolution F  F at the point x,, — 1 is equal to

FoF(xy— 1) = (FXF)([tn,00) x RY) + (FxF)([0,30_1] % [xn,0))

~2F(x,—1) asn— oo.
Hence,

FoF(x,—1
fim P FC0=1)
e F(xy— 1)
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From this equality and from (2.7),

FxF
fiming L) _ (2.13)
x—e F(x)
Take now x, =3",n=0,1,...,and p, = ce’3n, where c is the normalising constant.

Then F is a light-tailed distribution satisfying the relation (2.13).
We conclude this section with the following result for convolutions of non-
identical distributions.

Theorem 2.13. Let F; and F> be two distributions on R™ and let the distribution F)
be heavy-tailed. Then

(2.14)

Proof. By Theorem 2.11, the left side of (2.14) is at least 1. Assume now that it is
strictly greater than 1. Then there exists € > 0 such that, for all sufficiently large x,

F1 * Fz(x)

P— e ] 2 . .
ACE A 2.15)

Consider the distribution G = (F; + F») /2. This distribution is heavy-tailed. By The-
orem 2.12 we get

liminfGi—G(x) =2. (2.16)
S50

On the other hand, (2.15) and Theorem 2.11 imply that, for all sufficiently large x,

Fi# F1(x) + Fo x F(x) + 2F * B> (x)

GxG(x) = 7]
S 2(1—&)F1(x) +2(1 —&)Fa(x) +2(1+2¢&)(Fi(x) + F2(x))
- 4
= 2(1+€/2)G(x),
which contradicts (2.16). O

2.4 Long-Tailed Functions and Their Properties

Our plan is to introduce and to study the subclass of heavy-tailed distributions which
are long-tailed. Later on we will study also long-tailedness properties of other char-
acteristics of distributions. Therefore, we find it reasonable to start with a discussion
of some generic properties of long-tailed functions.
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Definition 2.14. An ultimately positive function f is long-tailed if and only if

o L)
x=e f(x)

Clearly if f is long-tailed then we may also replace y by —y in (2.17).
The following result makes a useful connection.

=1, forally > 0. 2.17)

Lemma 2.15. The function f is long-tailed if and only if g(x) := f(logx) (defined
for positive x) is slowly varying at infinity, that is, for any fixed a > 0,

g(ax)
g(x)

— 1 asx — oo,

Proof. The proof is immediate from the definition of g since

glax) _ f(logx+loga)
g(x) f(logx)

If f is long-tailed then we also have uniform convergence in (2.17) over y in
compact intervals. This is obvious for monotone functions, but in the general case
the result follows from the Uniform Convergence Theorem for functions slowly
varying at infinity, see Theorem 1.2.1 in [7]. Thus, for any a > 0, we have

a

sup |/ (x) = f(x+y)| = o(f(x)) asx— e. (2.18)

lyl<a

We give some quite basic closure properties for the class of long-tailed functions.
We shall make frequent use of these — usually without further comment.

Lemma 2.16. Suppose that the functions fi, ..., fu are all long-tailed. Then
(i) For constants ¢y and ¢, where ¢y > 0, the function fi(c| + ¢2x) is long-tailed.

(i) If f ~ X4_ ckfi where ci, ..., ¢, > O, then f is long-tailed.
(iii) The product function fi --- f is long-tailed.
(iv) The function min(fy,. .., f,) is long-tailed.
(v) The function max(fi,..., fn) is long-tailed.

Proof. The proofs of (i)—(iii) are routine from the definition of long-tailedness.
For (iv) observe that, for any a > 0 and any x, we have

i (fi6ta) plrta)) _ min(filx+a) fox+a)
‘““( AR AW )S min (f1 (x), f2(x))
filx+a) folx+a)
Sma"( A0 AW )

Since f1, f» are long-tailed the result now follows for the case n = 2. The result for
general n follows by induction.
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For (v) observe that, analogously to the argument for (iv) above, for any a > 0
and any x, we have

min <f1 (x+a) fz(x—i—a)) < max (filx+a), o(x+a))
i) T AR ) T max(filx), f2(x))
filx+a) fz(x+a))
= ma ( MGG
and the result now follows as before. O

We now have the following result.

Lemma 2.17. Let f be a long-tailed function. Then f is heavy-tailed and, moreover,
satisfies the following relation: for every A > 0,

lim f(x)e** = oo,

X—00

Proof. Fix A > 0. Since f is long-tailed, f(x+y) ~ f(x) as x — oo uniformly in
y € [0,1]. Hence, there exists x( such that, for all x > xp and y € [0, 1],

flety) = fx)e /2
Then f(xo+n+y) > f(xo)e ** /2 forall n > 1 and y € [0, 1], and, therefore,

liminf £ (x)e** > f(xo) lim e A0 D/26A — o

X—o0 n—oo
so that the lemma now follows. O

However, it is not difficult to construct a heavy-tailed function f which fails to
be sufficiently smooth so as to be long-tailed. Put

flx) = i 272" < x <27}

n=1

Then, for any A > 0,

limsup f(x)e** > limsup2~"e*?" = oo,
X—ro0 Nn—soo
so that f is heavy-tailed. On the other hand,
n
1
iminfZE D & e/ 2D 1

SR S ey 2

which shows that f is not long-tailed.
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h-Insensitivity

We now introduce a very important concept of which we shall make frequent sub-
sequent use.

Definition 2.18. Given a strictly positive non-decreasing function 4, an ultimately
positive function f is called h-insensitive (or h-flat) if

sup |f(x+y)—f(x)]=0(f(x)) asx— oo, uniformly in |y| <h(x). (2.19)
Iy[<h(x)

It is clear that the relation (2.19) implies that the function f is long-tailed, and con-
versely that any long-tailed function is h-insensitive for any constant function 4.
The following lemma gives a strong converse result, which we shall use repeatedly
in Sect. 2.7 and subsequently throughout the monograph.

Lemma 2.19. Suppose that the function f is long-tailed. Then there exists a function
h such that h(x) — oo as x — oo and f is h-insensitive.

Proof. For any integer n > 1, by (2.18), we can choose x, such that

sup [f(x+y)— f(x)| < f(x)/n  forall x > x,.

[y[<n

Without loss of generality we may assume that the sequence {x,} is increasing to
infinity. Put 4(x) = n for x € [x,,x,+1]. Since x,, — oo as n — oo, we have /i(x) — oo
as x — oo, By the construction we have

sup [f(x+y)—f(x)| < f(x)/n

|y|<h(x)
for all x > x,,, which completes the proof. a

One important use of /-insensitivity is the following. The “natural” definition of
long-tailedness of a function f is that of s-insensitivity with respect to any constant
function h(x) = a for all x and some a > 0. The use of this property in this form
would then require that both the statements and the proofs of many results would
involve a double limiting operation in which first x was allowed to tend to infinity,
with the use of the relation (2.18), and following which a was allowed to tend to
infinity. The replacement of the constant a by a function 4 itself increasing to infin-
ity, but sufficiently slowly that the long-tailed function f is h-insensitive, not only
enables two limiting operations to be replaced with a single one in proofs, but also
permits simpler, cleaner and more insightful presentations of many results (a typical
example is the all-important Lemma 2.34 in Sect. 2.7).

Now observe that if a long-tailed function f is h-insensitive for some function A
and if a further positive non-decreasing function / is such that i (x) < h(x) for all x,
then (by definition) f is also h-insensitive. Two trivial, but important (and frequently
used), consequences of the combination of this observation with Lemma 2.19 are
given by the following proposition.
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Proposition 2.20.

(i) Given a finite collection of long-tailed functions fi, ..., fn, we may choose a
single function h, increasing to infinity, with respect to which each of the func-
tions f; is h-insensitive.

(ii) Given any long-tailed function f and any positive non-decreasing function h, we
may choose a function h such that h(x) < h(x) for all x and f is h-insensitive.

Proof. For (i), note that for each i we may choose a function #;, increasing to infin-
ity, such that f; is h;-insensitive, and then define / by A(x) = min; /;(x).

_ For (i), note that we may take A(x) = min(A(x),(x)) where h is such that f is
h-insensitive. 0

Finally we note that a further important use of h-insensitivity is the following.
For any given positive function #, increasing to infinity, we may consider the class
of those distributions whose (necessarily long-tailed) tail functions are s-insensitive.
For varying h, this gives a powerful method for the classification of such distribu-
tions, which we explore in detail in Sect. 2.8.

2.5 Long-Tailed Distributions

As discussed in the Introduction, all heavy-tailed distributions likely to be encoun-
tered in practical applications are sufficiently regular as to be long-tailed, and it is
the latter property, as applied to distributions, which we study in this section.

First, for any distribution F on R, recall that we denote by R the hazard function
R(x) := —InF(x). By definition, R is always a non-decreasing function and

X - x:—nM
R(x+1)—R(x) 1 o)

Definition 2.21. A distribution F on R is called long-tailed if F(x) > 0 for all x and,
for any fixed y > 0,

F(x+y)~F(x) asx— oo. (2.20)
That is, the distribution F is long-tailed if and only if its tail function F is a long-
tailed function. Note that in (2.20) we may again replace y by —y. Further, for a
distribution F' to be long-tailed it is sufficient to require (2.20) to hold for any one
non-zero value of y. Note also that the convergence in (2.20) is again uniform over
y in compact intervals.

We shall write L for the class of long-tailed distributions on R. Clearly F € L
is a tail property of the distribution F, since it depends only on {F (x) : x > xo} for
any finite x(. Further, it follows from Lemma 2.17 that if the distribution F is long-
tailed (F € L) then F is a heavy-tailed function, and so, by Theorem 2.6, F is also a
heavy-tailed distribution. However, as the example following Lemma 2.17 shows, a
heavy-tailed distribution need not be long-tailed.
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The following lemma gives some readily verified equivalent characterisations of
long-tailedness.

Lemma 2.22. Let F be a distribution on R with right-unbounded support, and let &
be a random variable with distribution F. Then the following are equivalent:
(1) The distribution F is long-tailed (F € L).

(ii) For any fixed y > 0, F (x,x+y] = o(F(x)) as x — .
(iil) For any fixedy > 0, P{& > x+y|E >x} —> 1 asx — oo
(iv) The hazard function R(x) satisfies R(x+ 1) — R(x) — 0 as x — os.

Analogously to Lemma 2.16 we further have the following result.

Lemma 2.23. Suppose that the distributions Fi, ..., F, are all long-tailed (i.e. be-
long to the class L) and that &,,. .. ,E, are independent random variables with dis-
tributions Fy, ..., F, respectively. Then

(i) For any constants c¢1 and c; > 0, the distribution of c2&1 + ¢ is long tailed.

(i) If F(x) ~ X}_, ckFi(x) where cy, ..., ¢y > 0, then F is long-tailed.
(iii) If F (x) = min(F} (x),...,F,(x)), then F is long-tailed.

(iv) If F (x) = max(Fj (x),...,F,(x)), then F is long-tailed.

(V) The distribution of min(&y, ..., &,) is long-tailed.

(vi) The distribution of max(&y,...,&,) is long-tailed.

Proof. The proofs follow from the application of Lemma 2.16 to the corresponding
tail functions. In particular (v) and (vi) follow from (i) and (iii) of Lemma 2.16. O

2.6 Long-Tailed Distributions and Integrated Tails

In the study of random walks in particular, a key role is played by the integrated tail
distribution, the fundamental properties of which we introduce in this section.

Definition 2.24. For any distribution ' on R such that
| Foyay <« (221
0

(and hence [ F(y) dy < oo for any finite x) we define the integrated tail distribution
Fp via its tail function by

Fi(x) = min(l,/ f(y)dy). (2.22)
X
Note that if £ is a random variable with distribution F' then

| POy =B(EE > x) e > ) =B{E-xE >xh (229
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An associated concept (in renewal theory and in queueing) is the residual
distribution F, which is defined for any distribution F on R with finite mean a by:

FB) = [Fo)y. BeBR").

The integrated tail and residual distributions satisfy the equality F,(x) = F;(x)/a
for all sufficiently large x.
The following characterisation will frequently be useful.

Lemma 2.25. Suppose that the distribution F is such that (2.21) holds. Then Fy is
long-tailed if and only if F (x) = o(F(x)) as x — oo.

Proof. The integrated tail distribution F; is long-tailed (F; € L) if and only if
Fi(x) — Fi(x+1) = o(F(x)), or, equivalently, F;(x) — F;(x+ 1) = o(F(x + 1)).
The required result now follows from the inequalities

F(x+1)<F(x)—Fr(x+1) < F(x),
valid for all sufficiently large x. O

Lemma 2.26. Suppose that the distribution F is long-tailed (F € L) and such that
(2.21) holds. Then Fy is long-tailed as well (F; € L) and F (x) = o(F(x)) as x — oo,

Proof. The long-tailedness of F; follows from the relations, as x — oo,
Fix+1t)= / F(x+t+y)dy ~ / F(x+y)dy=F(x),
X X

for any fixed 7. That F(x) = o(F(x)) as x — oo now follows from Lemma 2.25. O

The converse assertion, that is, that long-tailedness of F; implies long-tailedness
of F, is not in general true. This is illustrated by the following example.

Example 2.27. Let the distribution F be such that F(x) = 272" for x € [2",2"1).
Then F is not long-tailed since F (2" — 1)/F(2") = 4 for any n, so that F(x — 1)/
F(x) /1 as x — . But we have x 2 < F(x) < 4x 2 for any x > 0. In particular,
Fi(x) >x" and thus F(x) = o(F(x)) as x — oo. Thus, by Lemma 2.25, F} is long-
tailed.

We now formulate a more general result which will be needed in the theory of
random walks with heavy-tailed increments, and is also of some interest in its own
right. Let F be a distribution on R and g a non-negative measure on R such that

/Omf(t),u(dt) < oo, (2.24)
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We may then define the distribution £, on R™ given by

Fulx):= min(l,/owf(ert)u(dt)), x>0, (2.25)

If p is Lebesgue measure, then F), is the integrated tail distribution. We can formu-
late the same question as for Fj: what type of conditions on F' imply long-tailedness
of Fj,? The answer is given by the following theorem.

Theorem 2.28. Let F be a long-tailed distribution. Then F), is a long-tailed distri-
bution and, for any fixed y > 0,

Fu(x+y)~Fyu(x)
as x — oo uniformly in all | satisfying (2.24), that is,

F
inf inf T3 FY)

. F, ® — 1 asxy— oo. (2.26)

If, in addition, F(x+ h(x)) ~ F(x) as x — oo, for some positive function h, then
(2.26) holds with h(x) in place of y.

Proof. Fix € > 0. Since F (x+y+u) ~ F(x+u) as x — co uniformly in u > 0, there
exists xq such that (2.24),

F(x+y+u) > (1—¢€)F(x+u) forallx > xo.

Then, for all x > xp and u,

Falx+y) = /Fx+y+u)u dy) > 1_8/ Flx+u)u(du) = (1 — e)Fy(x).

Letting € — 0 we obtain the desired result. The same argument holds when y is
replaced by h(x). O

2.7 Convolutions of Long-Tailed Distributions

We know from Theorem 2.11 that for any distributions F and G on the positive
half-line R*

7
fiminf ¢

Glx) 22
x—e F(x)+G(x) — 227)

In order to get an analogous result for distributions on the entire real line R, we
assume some of those involved to be long-tailed. The assumption of the theorem
below seems to be the weakest possible in the absence of conditions on left tails.
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Theorem 2.29. Let the distributions Fi, ..., F, on R be such that the function
Fi(x)+ ...+ Fy(x) is long-tailed. Then,

(2.28)

In particular (2.28) holds whenever each of the distributions F; is long-tailed.

Proof (cf Theorem 2.11). Let &, ..., &, be independent random variables with re-
spective distributions F, ..., Fy. For any fixed a > 0, we have the following lower
bound:

s>

*

*
=
=
%
M=

P{& > x+ (n—1)a,§; € (—a,x| forall j # k}

~
Il

I
M=
’“nl

k(x+(n—a) []Fi(— (2.29)
J#k

~
Il
=

For every € > 0 there exists a such that Fj(—a,a] > 1 — ¢ for all j. Thus, for all
x>a,

n
Fis...xFy(x) > (1—¢g) z (x4 (n—1)a).

Since the function F| + ...+ F, is long-tailed,

liminf — Fi...x Fy(x)

n—1
X—00 Fl(x)—i—...—&—fn(x) = (178) ’

The required result (2.28) now follows by letting € — 0. a
For identical distributions, Theorem 2.29 yields the following corollary.

Corollary 2.30. Let the distribution F on R be long-tailed (F € L). Then, for any
n>?2,

liminf —
S S
We also have the following result for the convolution of a long-tailed distribu-

tion F' with an arbitrary distribution G, the proof of which is similar in spirit to that
of Theorem 2.29.

Theorem 2.31. Let the distributions F and G on R be such that F is long-tailed
(F € L). Then,

F
liminf *G( )

imin W > 1. (2.30)
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Proof. Let £ and 1 be independent random variables with respective distributions
F and G. For any fixed a,

FxG(x) > P{& >x—a,n >a}
=F(x—a)G(a). (2.31)

For every € > 0 there exists a such that G(a) > 1 — &. Thus, for all x,
F+G(x) > (1—¢)F(x—a).

Since the distribution F is long-tailed, it now follows that

F % G(x)

liminf — >1—¢
e TF ()
and the required result (2.30) once more follows by letting € — 0. a

We now have the following corollary.

Corollary 2.32. Let the distribution F on R be such that F is long-tailed (F € L)
and let the distribution G be such that G(a) = 0 for some a. Then F x G(x) ~ F (x)
as x — oo,

Proof. Since G(a) = 0, we have F * G(x) < F(x — a). Thus since F is long-tailed
we have

FxG
limsup * Glx)

= <l1.
X—00 F(x)

Combining this result with the lower bound of Theorem 2.31, we obtain the desired
equivalence. O

In order to further study convolutions of long-tailed distributions, we make re-
peated use of two fundamental decompositions. Let & > 0 and let & and 1 be inde-
pendent random variables with distributions F and G respectively. Then the tail
function of the convolution of F and G possesses the following decomposition:
for x > 0,

FxG(x)=P{&+n>x,& <h}+P{E+n>xE > h}. (2.32)

If in addition & < x/2 then

F*G(x)
=P{E+n>xE<h}+P{E+n>x,n <h}+P{E+n>xE >hn>h},
(2.33)

since if E <handn <hthen & +n <2h <x.
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Note that
n_
PE+n > E<h) = [ Glx-y)F(ay). (2.34)

while the probability of the event {& +1 > x,& > h,n > h} is symmetric in F and
G and

P{&+n>xE>hn>h}= /hmf(max(h7x_y))G(dy)
B /:E(max(h?x —y))F(dy). (2.35)

Definition 2.33. Given a strictly positive non-decreasing function £, a distribution F'
on R is called h-insensitive(or h-flat) if its tail function F is an A-insensitive function
(see Definition 2.18). Since F is monotone, this reduces to the requirement that
F(x+h(x)) ~ F(x) as x — oo,

Recall from the results for h-insensitive functions that a distribution F is long-
tailed if and only if there exists a function & as above with respect to which F is
h-insensitive.

For long-tailed distributions F and G we shall now make particular use of the
decomposition (2.33) in which the constant / is replaced by a function % increasing
to infinity (with A(x) < x/2 for all x) and such that both F and G are h-insensitive.

The following three lemmas are the keys to everything that follows later in this
section.

Lemma 2.34. Suppose that the distribution G on R is long-tailed (G € L) and that
the positive function h is such that h(x) — e as x — e and G is h-insensitive. Then,
for any distribution F, as x — oo,

hix) _ —
| G- yF(dy) ~ G,

| Fla-»Gy) ~ G,
x—h(x)

Proof. The existence of the function 4 is guaranteed by Lemma 2.19. We now have

h(x) _ _
[ Gl F(y) < G- hi).

—oo

On the other hand we also have,
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where the last equivalence follows since /(x) — oo as x — oo. The first result
now follows from the choice of the function /4. The second result follows simi-
larly: the integral is again bounded from above by G(x — h(x)) and from below by
F(—h(x))G(x+ h(x)) and the result follows as previously. O

Remark 2.35. Note the crucial role played by the monotonicity of the tail function G
in the proof of Lemma 2.34 — something which is not available to us in considering,
for example, densities in Chap. 4.

We now prove a version of Lemma 2.34 which is symmetric in the distributions
F and G, and which allows us to get many important results for convolutions — see
the further discussion below.

Lemma 2.36. Suppose that the distributions F and G on R are such that the sum
F+ G of their tail functions is a long-tailed function (equivalently the measure
F + G is long-tailed in the obvious sense) and that the positive function h is such
that h(x) — oo as x — o and F + G is h-insensitive. Then

h(x) _ hix) _ —
Lw G(xfy)F(dy)Jr/iw F(x—y)G(dy) ~G(x)+F(x) asx— co.

Proof. The proof is simply a two-sided version of that for the first assertion of
Lemma 2.34. The existence of the function /4 is again guaranteed by Lemma 2.19.
Now note first that, as in the earlier proof,

h(x) _ h(x) _ — —
| GlyFy+ [ F=y)Gldy) < Gle—hx) + Fls—h(x))

—oo

and second that

h(x) _ h(x) _
| G—yF@)+ [ Fle-6y)
)

> "h:)a(x V)F(dy) + G(dy)
> F(—h(x),h(x)]G(x+ h(x ))+G(—h( ), h(x)]F (x+ h(x))

G(x+h(x))+F(x+h(x)) asx— oo,

where the last equivalence follows since &(x) — oo as x — oo. The required result
now follows from the choice of the function 4. d

Note that special cases under which F + G is long-tailed are (a) F and G are both
long-tailed — in which case Lemma 2.36 (almost) follows from 2.34, and (b) F is
long-tailed and G(x) = o(F (x)) as x — oo.

In various calculations we need to estimate the “internal” part of the convolution.
The following result will be useful.

Lemma 2.37. Let h be any increasing function on R™ such that h(x) — os. Then, for
any distributions Fy, F>, G| and G, on R,
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P F G
limsup {&1m > x,61 > h(x),m > h(x)} < limsup ﬁ ~limsqu_ ,
X—>00 ]P){(SZ + m > X, &2 > h(x), n > h(.x)} X—>00 FZ(X) X—>00 GZ(X)

where &1, &, 1M1, and 1M, are independent random variables with respective distri-
butions Fy, F», G, and G».

In particular, in the case where the limits of the ratios Fy(x)/F;(x) and G (x)/
G, (x) exist, we have

i PG+ > %81 > h(x),m > hx)}F Fi(x) . Gi(x)
xoeo P{E + 1M > x,6 > h(x),m > h(x)}  x—=F(x) x—=Gy(x)

Proof. Tt follows from (2.35) that

1(2) [~ =
< sup 20 / | Fomax(h(,x )G (@)
= Ssu E(Z) G max X),X—
= 50 725 oy G max ()3 =) Ea(d)

Similarly,

/ " Gi(max(h(x),x — ) Fa(dy)
h(x)

< sup _](Z) i G, (max(h(x),x—y))Fa(dy)

>hix) G2(2) Jh(x)

B Gi(2)
= sup —
=h(x) G2(2)

P{& + 1 >x,& > h(x),n2 > h(x)}.

Combining these results and recalling that /1(x) — e as x — oo, we obtain the desired
conclusion. O

Definition 2.38. Two distributions F and G with right-unbounded supports are said
to be tail-equivalent if F(x) ~ G(x) as x — o (i.e. limy_e F (x)/G(x) = 1).
In the next two theorems we provide conditions under which a random shifting

preserves tail equivalence.

Theorem 2.39. Suppose that F\, F», and G are distributions on R such that Fi(x) ~
F(x) as x — oo. Suppose further that G is long-tailed. Then Fy * G(x) ~ F» * G(x)
asx — oo

Proof. By Lemma 2.19 we can find a function & such that 2(x) — e and

Gx£h(x)) ~G(x) asx— oo,
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i.e. G is h-insensitive. We use the following decomposition: for k = 1, 2,

—oo

G0 — ( /xfh<x>+ /xjh(x))n(x_ Y)G(dy). (2.36)

It follows from the tail equivalence of F; and F> that F | (x —y) ~ Fp(x—) as x — o
uniformly in y < x — A(x). Thus,

x—h(x) _ x—h(x) __
[ U Re-nsan ~ [ Re-ne@y) @

—oo —oo

as x — oo, Next, by Lemma 2.34, fork =1, 2,
/ Fi(x—y)G(dy) ~ G(x) asx— oo. (2.38)
x—h(x)

Substituting (2.37) and (2.38) into (2.36) we obtain the required equivalence
F1 % G(x) ~ F» % G(x). O
Theorem 2.40. Suppgse that Ii, P, Gy, and Gy are distributions on R such that
F1(x) ~ Fa(x) and G\(x) ~ Ga(x) as x — eo. Suppose further that the function
F| + G, is long-tailed. Then F, * G (x) ~ Fy * Gy(x) as x — o,

Proof. The conditions of the theorem imply that the function F + G, is similarly
long-tailed. By Lemma 2.19 and the following remark we can choose a function &
such that (x) — oo as x — oo, h(x) < x/2 and, fork =1, 2,

Fr(x£h(x))+Gr(x £ h(x)) ~ Fi(x) + Gi(x) asx — oo,

i.e. Fy + Gy is h-insensitive. We use the following decomposition which follows
from (2.33) to (2.35):

_ h(x) _ h(x) _
FeGio) = [ Felx=)Guldn)+ [ Gelx—)F(ay)
+ h;)fk(max(h(x),x—y))Gk(dy). (239)

Since F| and F; are tail equivalent and G| and G, are tail equivalent, it follows from
Lemma 2.37 that, as x — oo,

/ " Fy(max(h(x),x— )G (dy) ~ / " Fo(max(h(x),x—))Ga(dy). (2.40)
h(x) h(x)

Further, by Lemma 2.36, for k = 1,2 and as x — oo,

h(x) h(x) _ —
| File=3)Guldy) + [ Gulx—y)A@y) ~ Ful) +Gel). - 24D

oo

Substituting (2.40) and (2.41) into (2.39) we obtain the required equivalence
F]*Gl(X)NFz*Gz(x). O
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‘We now use Theorem 2.40 to show that the class £ is closed under convolutions.
This is a corollary of the following result.

Theorem 2.41. Suppose that the distributions F and G are such that F is long-tailed
and the measure F + G is also long-tailed (i.e. the sum F + G of the tail functions of
the two distributions is long-tailed). Then the convolution F x G is also long-tailed.

Proof. Fixy > 0. Take F| = F and F; to be equal to F shifted by —y, that s, F(x) =
F(x+Yy). Then F, G is equal to F * G shifted by —y. Since F is long-tailed, F (x) ~
F> (x). Since also Fi+Gis long-tailed, it follows from Theorem 2.40 with G| =
Gy = G that F; * G(x) ~ F * G(x). Hence F * G(x) ~ F * G(x +y) as x — oo, O

Both the following corollaries are now immediate from Theorem 2.41 since in
each case the measure F + G is long-tailed.

Corollary 2.42. Let the distributions F and G be long-tailed. Then the convolution
F x G is also long-tailed.

Corollary 2.43. Suppose that F and G are distributions and that F is long-tailed.
Suppose also that G(x) = o(F (x)) as x — . Then F x G is long-tailed.

Finally in this section we have the following converse result.

Lemma 2.44. Let F and G be two distributions on Ri such that F has unbounded
support and G is non-degenerate at 0. Suppose that G(x) < c¢F(x) for some ¢ < oo
and

<1. (2.42)

Then F is long-tailed.

Proof. Take any a such that G(a,=) > 0 which is possible because G is not concen-
trated at 0. Since for any two distributions on R*

FeG() = [ Fle-»)Gldy) + G,
it follows from the condition (2.42) that
| Fe=3)6(ay) < P+ o(F) + Gl)
=F(x)+o(F(x)) asx— oo,
due to the condition G(x) < c¢F (x). This implies that

| Pl 36@) = [ Fle-y) - F)Glay
0 0

=o(F(x)) asx— oo.
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For x > a, the left side is not less than F (x — a,x]G(a,x], hence F (x —a,x] = o(F (x))
as x — oo, The latter relation is equivalent to F(x —a) ~ F(x) which completes the
proof. a

2.8 h-Insensitive Distributions

Let F be a long-tailed distribution (F € L), i.e. a distribution whose tail function
F is such that for some (and hence for all) non-zero y, we have F(x+y) ~ F(x)
as x — co. We saw in Lemma 2.19 that we can then find a non-decreasing positive
function 4 such that s(x) — oo as x — oo and

F(x+y) ~ F(x) uniformly in [y| < h(x), (2.43)

i.e. such that the distribution F is h-insensitive (see Definition 2.33).

In this section we turn this process around: we fix a positive function z which is
increasing to infinity, and seek to identify those long-tailed distributions which are
h-insensitive. By varying the choice of 4, we then have an important technique for
classifying long-tailed distributions according to the heaviness of their tails and for
establishing characteristic properties of various classes of these distributions.

As a first example, consider the function & given by /(x) = ex for some € > 0;
then the class of A-insensitive distributions coincides with the class of distributions
whose tails are slowly varying at infinity, that is, for any € > 0,

F((1+¢)x)

f(x) — 1 asx— oo, (2.44)

These distributions are extremely heavy; in particular they do not possess any finite
positive moments, that is, [xVF(dx) = oo for any y > 0. Examples are given by
distributions F with the following tail functions:

F(x) ~1/In"x, F(x) ~1/(Inlnx)?” asx—0, y>0.

Regularly Varying Distributions

We introduce here the well-known class of regularly varying distributions, and con-
sider their insensitivity properties.

Definition 2.45. An ultimately positive function f is called regularly varying at in-
finity with index o € R if, for any fixed ¢ > 0,
flex) ~c®f(x)  asx— oo, (2.45)

A distribution F on R is called regularly varying at infinity with index —o < 0 if
F(cx) ~ ¢ %F(x) as x — oo, that is, F (x) is regularly varying at infinity with index
—a <O0.
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Particular examples of regularly varying distributions which were introduced in
Sect. 2.1 are the Pareto, Burr, and Cauchy distributions.

If a distribution F on R is regularly varying at infinity with index —o¢ < 0, then
all moments of order y < o are finite, while all moments of order y > « are infinite.
The moment of order Y = & may be finite or infinite depending on the particular
behaviour of the corresponding slowly varying function (see below).

If a function f is regularly varying at infinity with index o then we have f(x) =
x%I(x) for some slowly varying function /. Hence it follows from the discussion
of Sect. 2.4 that, for any positive function A such that h(x) = o(x) as x — e, we
have f(x+y) ~ f(x) as x — oo uniformly in |y| < h(x); we shall then say that f is
o(x)-insensitive. Similarly we shall say that a distribution F is o(x)-insensitive if its
tail function F is o(x)-insensitive. Thus distributions which are regularly varying at
infinity are o(x)-insensitive.

Intermediate Regularly Varying Distributions

It turns out that the property of o(x)-insensitivity characterises a slightly wider class
of distributions than that of distributions whose tails are regularly varying, and we
now discuss this.

Definition 2.46. A distribution F on R is called intermediate regularly varying if

limliminfw =1. (2.46)
o e F(x)

Any regularly varying distribution is intermediate regularly varying. But the latter
class is richer. We provide first a simple example. Take any density function g which
is regularly varying at infinity with index —a < —1. Then, by Karamata’s Theorem,
the corresponding distribution G will be regularly varying with index —ot+ 1 < 0.
Now consider any density function f such that c¢;g(x) < f(x) < cxg(x), for some
0 < ¢1 < ¢ < o and for all x. The corresponding distribution F' is intermediate
regularly varying because

F(x,x(1+€)] < 2G(x,x(1+¢€)] and F(x) > c1G(x).

On the other hand, F is not necessarily a regularly varying distribution. We now
have the following characterisation result.

Theorem 2.47. A distribution F on R is intermediate regularly varying if and only
if, for any positive function h such that h(x) = o(x) as x — oo,

F(x+h(x)) ~ F(x), (247)

i.e. if and only if F is o(x)-insensitive.

Proof. Ttis straightforward that if F is intermediate regularly varying then it is o(x)-
insensitive. Hence it only remains to prove the reverse implication. Assume, on
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the contrary, that this implication fails. Thus let F be a distribution which is o(x)-
insensitive but which fails to be intermediate regularly varying. The function

. Fx(1+e)
l(e) = hglololf—F(x)

decreases in € > 0, due to the monotonicity of F. Therefore, the failure of (2.46)
implies that there exists a positive 6 such that /(g) < 1 — 26 for any € > 0. Hence,
for any positive integer n, we can find x,, such that

F(xn(141/n)) < (1= 8)F (xn)

Without loss of generality we may assume the sequence {x, } to be increasing. Now
put i(x) = x/n for x € [x,,x,+1). Then h(x) = o(x) as x — . However,

timing EE A i F O Aln)
x—o0 F(x) n—soo F(x,)

which contradicts the o(x)-insensitivity of F'. O

We now give an attractive probabilistic characterisation of intermediate regularly
varying distributions.

Theorem 2.48. A distribution F on R is intermediate regularly varying if and only
if, for any sequence of independent identically distributed random variables &, &,
... with finite positive mean,

F(Sn)

Wﬂl as n — oo (2.48)

with probability 1, where S, = &1 + ...+ &,.

Proof. We suppose first that F is intermediate regularly varying; let &;, &, ... be any
sequence of independent identically distributed random variables with finite positive
mean, and, for each n, let S, = & + ... + &,; we show that then the relation (2.48)
holds. Let @ = E&;. Fix any € > 0. It follows from the definition of intermediate
regular variation that there is no and a 6 > 0 such that

F(n(a+9))
S B

By the Strong Law of Large Numbers, with probability 1, there exists a random
number N such that |S, —na| < nd for all n > N. Then, for n > max{N,no},
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Fou

F(n(a+9))
F(na)

< sup
n>ng

el

—1’§e

Since € > 0 is arbitrary, this implies the convergence (2.48).

We now prove the converse implication. Assume that the distribution F is not
intermediate regularly varying. It is sufficient to construct a sequence of independent
identically distributed random variables &, &, . .. with mean 1, such that the relation
(2.48) fails to hold (where again S, = & + ...+ &,). By Theorem 2.47 F fails to
be o(x)-insensitive, and so there exist an € > 0, an increasing sequence n; and an
increasing function & with h(x) = o(x) such that

F(ng+h(ng)) < (1—¢)F(ng) forall k. (2.49)

Since h(x)/x — 0, we can choose an increasing subsequence ny,, such that

i ) _ (2.50)

m=1 Tk

Since h is increasing it follows also that } >, n,:’nl < oo, and so we can define a
random variable £ taking values on {1 £ h(ny,,),m = 1,2,...} with probabilities

P{¢ =1—h(n,)} =P{E = 1+h(n,)} = c/my,

(where c is the appropriate normalising constant). It further follows from (2.50)
that the random variable & has a finite mean; moreover, this mean equals 1. Define
the sequence of independent random variables &, &, ...to each have the same
distribution as £. We shall show that

liminfP{S,, > m, +h(ng,)} > 0. (2.51)

From this and from (2.49), and since also F is non-increasing, it will follow that

liminfP{F(S,, ) < (1—&)F(m)} >0,

m-—oo

so that (2.48) cannot hold.
To show (2.51), fix m and consider the events

Aj= () {&#1£hn,)},  J=1,...n,.

ignkm 7 l#]
Then the events A; N {&; = 1+ h(ny,,)} are disjoint. Therefore,

P{Sy,, > n, +h(m,)}
nkm

> Y P{Sy, = ni, +h(m,)|A), & = 1+h(n, ) }P{A}, & = 1 +h(n,,)}
=1

= nka{S”km — Ny, = /’l(l’lkm) |A1, é] —1= h(nkm)}P{Al}P{gl =1 —I—h(nkm)}
= CP{Snkm — Ny, = h(nkm) |A1, ‘51 —1= h(nkm)}P{Al},
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where the final equality follows from the definition of the distribution of &;. Using
again the independence of the random variables &;, we have

P{Sn,, =1k, = h(n, )| A1, 61 — 1 = h(n, )}
=P{Su,, —n, — (61 —1) 2 0[A1} > 1/2,

where the final inequality follows from the symmetry about 1 of the common distri-
bution of the random variables &;. In addition,

P{AL} = (P& # 1 h(ng )™

= (1—=2¢/my,)%n " — e asm — oo.
We thus finally obtain that
liminf]P’{Snkm > m, +h(ng,)} > cefz"/27
m—oo

so that (2.51) follows. O

Other Heavy-Tailed Distributions

We proceed now to heavy-tailed distributions with thinner tails. For the lognormal
distribution, one can take h(x) = o(x/Inx) in order to have h-insensitivity. For the
Weibull distribution with parameter o € (0, 1), one can take h(x) = o(x!~%).

In many practical situations, the class of so-called \/x-insensitive distributions —
those which are h-insensitive for the function h(x) = x'/2 — is of special inter-
est. Among these are intermediate regularly-varying distributions (in particular
regularly-varying distributions), lognormal distributions and Weibull distributions
with shape parameter o < 1/2. The reason for interest in this quite broad class is
explained by the following theorem, which should be compared with Theorem 2.48.

Theorem 2.49. For any distribution F on R, the following assertions are equivalent:

(i) F is v/x-insensitive.
(ii) For some (any) sequence of independent identically distributed random vari-

ables &\, &, ... with positive mean and with finite positive variance,
F(S
_(—n)—>1 asn— oo (2.52)
F(nE&)

in probability, where S, = & + ...+ &,.

Proof. To show (i)=(ii) suppose that the distribution F is y/x-insensitive and that
the independent identically distributed random variables &, &, ... have common
mean a > 0 and finite variance. Fix € > 0. By the Central Limit Theorem, there exist
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N and A such that P{|S, —na| < A\/n} > 1 —¢ for all n > N. It follows from the
definition of \/x-insensitivity that there is ng such that

F(na_i—A\/_n))_l <e foralln>ng.
F(na)

Then, for n > max{N,ng},

{7y

which establishes (2.52).

To show (ii)=-(i) assume that the independent identically distributed random
variables &1, &, ... have common mean a > 0 and finite variance 62 > 0, but that,
on the contrary, the distribution F fails to be /x-insensitive. Then there exists € > 0
and an increasing sequence 1 such that, for all k,

F(ma++v/no?) < (1—¢)F(na).

—l‘ §8} > P{|S, —na| <Avn} >1—¢,

Therefore,
F(Sy,) ’ } o —U?/2
P | =2 —1| > e > P{S, —na>\/no? —>/ du >0,
{‘F(nka) 2 € 2 P{Sy —maz vmot} 1 V2¢
which contradicts (2.52). O

We finish this section by observing that the exponential distribution, while itself
light-tailed, is, in an obvious sense, on the boundary of the class of such distri-
butions. We may construct examples of long-tailed (and hence heavy-tailed) dis-
tributions on R, say, whose tails are, in a sense, arbitrarily close to that of the
exponential distribution. For example, the distribution with tail function

F(x)=e /" >0, ¢>0,

is very close to the exponential distribution, but is still long-tailed; indeed one can
take the function & of Lemma 2.19 to be any such that i(x) = o(In%x) as x — oo.
Further, if we replace the logarithmic function by the mth iterated logarithm, we
obtain again a long-tailed distribution.

2.9 Comments

The lower bound (2.7) may be found in Chistyakov [11] and in Pakes [39].

Theorem 2.12 was proved by Foss and Korshunov in [25]. For earlier results
see Rudin [43] and Rogozin [41]. Some generalisations may be found in the papers
[17,18] by Denisov, Foss, and and Korshunov.
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The class of long-tailed distributions (but not the term itself) was introduced by
Chistyakov in [11], in the context of branching processes.

Theorem 2.40 generalises a result of Cline [14] where the case Fi, F>, G1, G, € £
was considered.

Corollary 2.42 is well-known from Embrechts and Goldie [19].



Chapter 3
Subexponential Distributions

As we stated in the Introduction, all those heavy-tailed distributions likely to be
of use in practical applications are not only long-tailed but possess the additional
regularity property of subexponentiality. Essentially this corresponds to good tail
behaviour under the operation of convolution. In this chapter, following estab-
lished tradition, we introduce first subexponential distributions on the positive half-
line R™. It is not immediately obvious from the definition, but it nevertheless turns
out, that subexponentiality is a tail property of a distribution. It is thus both natural,
and important for many applications, to extend the concept to distributions on the
entire real line R. We also study the very useful subclass of subexponential distribu-
tions which was originally called 8* in [29] and which we name strong subexponen-
tial. In particular this class again contains all those heavy-tailed distributions likely
to be encountered in practice.

Different sufficient and necessary conditions for subexponentiality may be found
in Sects. 3.5 and 3.6. We also discuss the questions of why not every long-tailed
distribution is subexponential and why the subexponentiality of a distribution does
not imply subexponentiality of the integrated tail distribution.

In Sect. 3.9 we consider closure properties for the class of subexponential distri-
butions. We conclude with the fundamental uniform upper bound for the tail of the
nth convolution of a subexponential distribution known as Kesten’s bound.

3.1 Subexponential Distributions on the Positive Half-Line

In the previous chapter we showed in (2.7) that, for any distribution F on R™ with
unbounded support,

liming O S
R
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It was then proved in Theorem 2.12 that, for any heavy-tailed distribution ¥ on R,

FxF
liminfi—(x) =2.
X—>00 F(x)

In particular, if F is heavy-tailed on R™ and if

where ¢ € (0,e], then necessarily ¢ = 2. This observation leads naturally to the
following definition.

Definition 3.1. Let F be a distribution on R with unbounded support. We say that
F is subexponential, and write F € 8, if

F*F(x) ~2F(x) asx— oo (3.1)

Now let &; and &, be independent random variables on R* with common distribu-
tion F. Then the above definition is equivalent to stating that F is subexponential if

P{& 4+ & > x} ~2P{& > x} asx — eo.
This last relation may be rewritten as
P{& >x[&+E& >x} —1/2 asx— oo,
Further, since we always have the equivalence
P{max(&;,&) > x} =1— (1 —P{& > x})* ~ 2P{& > x}
as x — oo, it follows that F is a subexponential distribution if and only if
P{& + & > x} ~P{max(&;,&) > x} asx— oo

Finally, since &, &, are non-negative, the inequality max(&;,&,) > x implies also
that & + &, > x, and so the subexponentiality of their distribution is equivalent to
the following relation:

P{& + & > x,max(E1,&) <x} =o(P{& >x}) asx— oo, (3.2)

That is, for large x, the only significant way in which &; + &, can exceed x is that
either &; or & should itself exceed x. This is the well-known “principle of a single
big jump” for sums of subexponentially distributed random variables.

Lemma 2.44 with G = F implies immediately the following result.

Lemma 3.2. Any subexponential distribution on R is long-tailed. In particular,
any subexponential distribution is heavy-tailed.



3.2 Subexponential Distributions on the Whole Real Line 41

The converse is not true; there exist some long-tailed distributions on R* which
are not subexponential; see Sect. 3.7 for more detail.

Since a long-tailed distribution F satisfies F (x)e** — oo as x — oo, for all A > 0
(see Lemma 2.17), it is this property that originally suggested the name subexpo-
nential. However, the name is now always used in the slightly more restrictive sense
that we have defined.

In the class of distributions on the positive half-line, subexponentiality is a tail
property, as are both heavy- and long-tailedness. To see this, observe that if a dis-
tribution F; on R is subexponential (and therefore long-tailed) and if a distribu-
tion F, on R is such that, for some xq, we have F(x) = F,(x) for all x > x,
then by Theorem 2.40 Fj * F)(x) ~ F» % F>(x) as x — oo, which implies the sub-
exponentiality of F;.

3.2 Subexponential Distributions on the Whole Real Line

In the previous section we defined subexponential distributions on the positive half-
line R*. We showed there that subexponentiality was a tail property of a distribution.
Thus, as remarked at the beginning of this chapter, it is both natural and desirable to
extend the concept to distributions on the entire real line R.

The problem is now that of extending the definition appropriately. It turns out
that, for a distribution F on the entire real line R, the condition (3.1) no longer
defines a tail property of that distribution, nor even implies that the distribution is
long-tailed. This is illustrated by the following example.

Example 3.3. For A > 0, consider the distribution F on the interval [—A, o) with the
tail function

Fx) = (x+A+1)"2% ) x> _4

The convolution tail is given by

oo

FoF() = / F(x—y)F(dy)

—oo

x/2 e _
- / F(x—y)F(dy) — ./X/ZF(x—y)dF(Y)

—oo

=2 [Py + Fep)P,

after integration by parts. We thus have that, as x — oo,
"x/2

FxF(x) ~2e 4 /_A (x—y)2’F (dy) + o(F (x))

~ 22 A /:ZZ e'F(dy) +o(F(x))

~ 2F (%) / ': FF(dy).
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Take A such that [~ e’F(dy) = 1. Then F * F(x) ~ 2F (x), but F is not long-tailed
and indeed F is light-tailed.

The above example shows that the satisfaction of the condition (3.1) is not a tail
property for the class of distributions on the whole real line R — for otherwise the
condition would be satisfied by the distribution F* (given, as in the Introduction,
by F(x) = F(x) forx > 0 and F(x) = 0 for x < 0), and Lemma 3.2 would then
guarantee that F* was long-tailed in contradiction to the result F is not long-tailed.

Thus the most usual way to define the subexponentiality of a distribution F' on
the whole real line R is to require that the distribution F on R™ be subexponential.
By Lemma 3.2 and Theorem 2.40 the condition (3.1) then continues to hold — it is
simply no longer sufficient for subexponentiality. This approach has the advantage
of making it immediately clear that subexponentiality remains a tail property, but the
disadvantage of requiring a two-stage definition. We shall see below that an equiva-
lent definition, which we shall make formally, is to require that the distribution F, in
additional to satisfying (3.1), is also long-tailed. The asserted equivalence follows
from the following lemma.

Lemma 3.4. Let F be a distribution on R and let & be a random variable with
distribution F. Then the following are equivalent:

(i) F is long-tailed and F x F(x) ~ 2F (x) as x — oo

(ii) The distribution F of €™ is subexponential.
(iil) The conditional distribution G(B) :=P{& € B|£ > 0} is subexponential.

Proof. Let & and &, be two independent copies of €.
(i)=-(ii). Suppose that F is long-tailed. Fix A > 0. On the event {& > —A}, we
have §g'k+ < & +A. Thus, forx > 0,

P{&+& >x} <P{&i+ & >x—24,8 > -A,8 > —A}
+P{& >x, 81 < A} +P{& >x, 5 < —A}
<P{& + & >x— 24} +2F(x)F(—A).

Hence, since F is long-tailed,

P{EF 4+ & -
limsup% < lim P{él%'(éZ >2Z) ZA}
X0 X X—00 Y —
— 24+ 2F(-A).

+2F(—A)

Since A can be chosen as large as we please,

P + +
limsup M <2.
X—o0 F(x)

Together with (2.7) this implies that F* s F*(x) ~ 2F+(x) as x — oo, i.e. that the
distribution F of £ is subexponential.
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(i))=-(i). Suppose now that the distribution F* of £ is subexponential. That F ™
and hence F is long-tailed follows from Lemma 3.2. We further have & + & <
T+ &, so that

FxF(x) <FtxFt(x)~2F(x)

as x — oo, again by the subexponentiality of F*. Together with the lower bound
for the ‘liminf” provided by Corollary 2.30, we get the required tail asymptotics
F % F(x) ~2F(x) as x — oo

(i) (iii). We show now the equivalence of the conditions (ii) and (iii). Define
first p = P{£ < 0} and observe that, for x > 0,

P{& + & >x} = 2P{& < 0,8 > x}+P{& + & > x,& > 0,6 >0}
= 2pF(x) + (1 — p)*P{& + & > x| & > 0,& > 0}
= 2pF (x) + (1 —p)’G* G(x).

Since also, for x > 0, we have F(x) = (1 — p)G(x), the subexponentiality of G is
equivalent to the condition that, as x — oo,

BEF +& > x} ~ 2pF(x) +2(1 - p)F(x)
— 2P{E* > x},

i.e. to the subexponentiality of F. O

The above lemma allows us to make the following definition of whole-line subex-
ponentiality.

Definition 3.5. Let F' be a distribution on R with right-unbounded support. We say
that F is whole-line subexponential, and write F' € Sg, if F is long-tailed and

FxF(x) ~2F(x) asx— oo.

Equivalently, a random variable & has a whole-line subexponential distribution if
& has a subexponential distribution.

Thus whole-line subexponentiality generalises the concept of subexponentiality
on the positive half-line Rt and any distribution which is subexponential on R* or
R is long-tailed, i.e. § C Sg C L.

We now have the following theorem which provides the foundation for our results

on convolutions of subexponential distributions.

Theorem 3.6. Let the distribution F on R be long-tailed (F € L) and let &1, &, be
two independent random variables with distribution F. Let the function h be such
that h(x) — oo as — oo and F is h-insensitive (see Definition 2.33). Then F is whole-
line subexponential (F € 8g) if and only if

P{& +& > x,& > h(x),& > h(x)} = o(F(x)) asx— oo. (3.3)
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Proof. We assume first that additionally A (x) < x/2 for all x. Then, for any x,

P{& +& >x}
=P{& +8&>x & <h(x)} +P{&+ & >x, & <h(x)}
+P{& + & >x, & >h(x), & >h(x)}. (3.4)

Since F' is long-tailed, it follows from (2.34), the given conditions on % and
Lemma 2.34 that, fori = 1,2,

P{& +& >x, & < h(x)} ~F(x) as x — oo, (3.5)

Again, since F is long-tailed, the subexponentiality of F' is equivalent to the re-
quirement that P{&; + & > x} ~ 2F(x) as x — o, and the equivalence of this to the
condition (3.3) now follows from (3.4) and (3.5).

In the case where we do not have h(x) < x/2 for all x, small variations are re-
quired to the above proof. If F is subexponential, then we may consider instead
the function & given by i(x) = min(h(x),x/2). Since F is then also h-insensitive,
the relation (3.3) holds with & replaced by &, and so also in its original form.
Conversely, if (3.3) holds, then that F is subexponential follows as before, except
only that we now have “<” instead of equality in (3.4), which does not affect the

argument. O

Theorem 3.6 implies that, as in the case of non-negative subexponential sum-
mands, the most probable way for large deviations of the sum &; + &, to occur is
that one summand is small and the other is large; for (very) large x, the main contri-
bution to the probability P{&; + &, > x} is made by the probabilities of the events
{&1+& >x, & <h(x)}fori=1,2.

We now give what is almost a restatement of Theorem 3.6 in terms of integrals,
in a form which will be of use in various of our subsequent calculations.

Theorem 3.7. Let the distribution F on R be long-tailed. Then the following are
equivalent:

(i) F is whole-line subexponential, i.e. F € Sp.

(ii) For every function h with h(x) < x/2 for all x and such that h(x) — oo as

X — 0o,

x—h(x) _ —_

/( : F(x—y)F(dy) =0(F(x)) asx— oo. (3.6)

h(x

(iil) There exists a function h with h(x) < x/2 for all x, such that h(x) — o as
x — oo and F is h-insensitive, and the relation (3.6) holds.

Proof. As remarked above, the theorem is only a slight variation on Theorem 3.6.
Let &; and &, again be independent random variables with common distribution F,
and let /2 be any function such that h(x) < x/2, h(x) — e and F is h-insensitive (note
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that since F' € L there is always at least one such function #); the difference between
the left side of (3.3) and the left side of (3.6) is

P{& > x—h(x), & > h(x)} = F(x— h(x))F(h(x) ~ FE)F(h(x)) = o(F (x))

as x — oo. The theorem thus follows immediately from Theorem 3.6, except only
that it is necessary to observe that the reason why, in the statement (ii), we do
not require any restriction to functions /4 such that F is h-insensitive follows from
Proposition 2.20(ii). a

In the succeeding sections, we will make use of the following result.

Lemma 3.8. Suppose that F is whole-line subexponential and that the function h is
such that h(x) — e as x — o. Let the distributions G|, G, be such that, fori =1, 2,
we have Gi(x) = O(F (x)) as x — oo. If Ny and 1, are independent random variables
with distributions G| and G, then

P{n+mn2>x,11 > h(x),n > h(x)} = o(F(x)) asx— oo.

Proof. Let & and & be two independent random variables with distribution F.
Since G;(x) = O(F(x)), it follows from Lemma 2.37 that, for some ¢ < oo,

P{ni+mn2 > x,m1 > h(x),m > h(x)} < cP{& +& >x,8 > h(x),& > h(x)}.

The subexponentiality of F and Theorem 3.6, together with the immediately pre-
ceding remark, imply that

P{& +& > x,&1 > h(x),& > h(x)} = o(F(x)).

Hence the result follows. O

3.3 Subexponentiality and Weak Tail-Equivalence
We start with the definition of weak tail-equivalence and then use this property to
establish a number of powerful results.

Definition 3.9. Two distributions F and G with right-unbounded supports are called
weakly tail-equivalent if there exist ¢; > 0 and ¢, < oo such that, for any x > 0,

|

~—

(x

(%)

¢ < <.

Ql

This is equivalent to the condition

F F
0 < liminf _(x) < limsup _(x) < oo,
X—reo G()C) X—00 G(x)
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Lemma 3.10. Let F and G be weakly tail-equivalent distributions on R. Suppose
that either (i) both F and G are long-tailed, or (ii) both F and G are concentrated
on R, and suppose further that

6w (3.7)
F(x)+

Then both F and G are subexponential.

Proof. 1t follows from Lemma 2.44 that, in both the cases considered, both F and
G are long-tailed.

Now let z be any function such that 4(x) < x/2, h(x) — oo, and both F and G are
h-insensitive (recall that the existence of such a function is guaranteed by the results
of Sect. 2.4). Let £ and 1 be independent random variables with distributions F and
G respectively. It follows from the decomposition (2.33) (with A(x) in place of h),
Lemma 2.34, and the condition (3.7) that

P{E+1>x8>h(x),n>h(x)} =0(F(x)+Gx)) asx—e.  (38)

Let &’ be an additional random variable, independent of £, with distribution F. Then,
from (3.8), the weak tail-equivalence of F and G, and Lemma 2.37,

P{E+E > x,&E > h(x),E" > h(x)} = o(F(x) + G(x))
=o(F(x)) as x — oo,

where the second line in the above display again follows from the weak tail-
equivalence of F' and G. Hence, by Theorem 3.6, F is subexponential. O

Now we prove that the class of subexponential distributions is closed under the
weak tail-equivalence relation.

Theorem 3.11. Suppose that F is whole-line subexponential, i.e. F € Sy, that G is
long-tailed, and that F and G are weakly tail-equivalent. Then G € Sg.

Proof. Choose a function & such that 4(x) — e and G is h-insensitive. Let 17 and
1> be independent random variables with distribution G. Then, from Lemma 3.8
and the given weak tail-equivalence,

P{ni + 12 > x,m1 > h(x),m2 > h(x)} = o(F(x)) = o(G(x)).
Hence it follows from Theorem 3.6 that G € Sg. O

Definition 3.12. Two distributions F' and G with right-unbounded supports are said
to be proportionally tail-equivalent if there exists a constant ¢ > 0 such that F(x) ~
¢G(x) as x — oo,

Theorem 3.11 has the following corollary.
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Corollary 3.13. Let the distributions F and G be proportionally tail-equivalent. If
F € 8g then G € Sp.

We now turn to convolutions of many distributions.

Theorem 3.14. Let (a reference distribution) F € S]& Suppose that distributions
G1,...,G, are such that, for each i, the function F + G; is long-tailed and G; (x) =
O(F(x)) as x — oo. Then

Gr##Gy(x) =G (x) +...+ Gy(x) +0(F(x)) asx— oo.

Proof. Note first that it follows from the conditions of the theorem that, for each i
and for any constant a,

F(x+a)+Gi(x+a) = F(x) + Gi(x) + o
F(x)+

Hence from the representation F +YX | G; =YX | (F 4+ G;) — (k— 1)F and since F
is also long-tailed, for each k and for any constant a,

Gi(x) +o(F(x)),

'M»

F(x+a)+ Y Gi(x+a)=F(x)+

||M»

i=1

and so the measure F + Zle G; (i.e. the function F + 2;‘:1 G,) is also long-tailed.
Note also that for each k we have ¥, G;(x) = O(F (x)). It now follows that it is
sufficient to prove the theorem for case n = 2, the general result then following by
induction.

By Lemma 2.19 and Proposition 2.20 there exists a function / such that i(x) — oo,
h(x) <x/2,and F, F + G| and F 4+ G, are all h-insensitive. It then follows from
Lemma 2.34 that, as x — oo,

h(x) h(x) h(x)

Gix=3Galdy) = [ G +Px=3)Galdy) ~ [ Flx=y)Galdy)

—oo —oo —oo

=G+ F(x) ~F(x) +0(Gi(x) + F(x))
= Gi(x) +o(F(), o

and similarly
h(x) _ _ —
| Gale=1)Gi(dy) = Galw) + o(F (). (3.10)
Further, from Lemma 3.8,

/h;)G_l(max(h(x),x—y)Gz(dy) = o(F(x)). 3.11)
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The required result now follows from the decomposition (2.33) (where £ and n
are independent random variables with distributions G; and G;) and from (3.9)
to (3.11). O

Theorem 3.15. Suppose again that the conditions of Theorem 3.14 hold, and that
additionally G| € L and that Gy is weakly tail equivalentto F. Then G| *---x G, €
8w, and additionally G| * - - - x G,, is weakly tail equivalent to F.

Proof. Tt follows from Theorem 3.11 that G| € Sg. Further the weak tail equivalence
of F and G, implies that, for each k, G;(x) = O(G;(x)). Hence by Theorem 3.14
with F = Gy, the distribution G| * G, - - - * G, is long-tailed and weakly tail equiva-
lent to G and so also to F. In particular, again by Theorem 3.11, G| - - - * G, € Sg.

O

We have the following corollaries of Theorems 3.14 and 3.15.

Corollary 3.16. Suppose that distributions F and G are such that F € Sw, that F+G
is long-tailed and that G(x) = O(F (x)) as x — 0. Then F * G € 8y and

F+G(x) =F(x)+G(x)+o(F(x)) asx— oo.

Proof. This result follows from Theorems 3.14 and 3.15 in the case n = 2 with G
replaced by F and G, by G. a

Corollary 3.17. Assume that F, G € Sg. If F and G are weakly tail-equivalent, then
FxG e 8g.

Corollary 3.18. Assume that F € Sg. If G(x) =o0(F(x)) asx — o, then F xG € Sg
and F x G(x) ~ F(x).

Eorollary 3.19. Suppose that F € 8g. Let Gy,...,G, be distributions such that
Gi(x)/F(x) — ci as x — oo, for some constants ¢; > 0, i =1,...,n. Then

Gi*...xGy(x)

— c1+...+¢ as x — oo,
F(x) —C] n -
Ifci+...4+¢;, >0, then Gy %...x G, € Sg.

Proof. The first statement of the corollary is immediate from Theorem 3.14. If ¢{ +
...+¢, > 0, we may assume without loss of generality that c; > 0, so that the second
statement follows from Theorem 3.15. O

The following result is a special case of Corollary 3.19.

Corollary 3.20. Assume that F € S8g. Then for any n > 2, F*(x)/F(x) — n as
x — oo, In particular, F*" € Sp.

The following converse result follows.
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Theorem 3.21. Let a distribution F on R™ with unbounded support be such that
F*1(x) ~ nF (x) for some n > 2. Then F is subexponential.

Proof. Take G :=F *("=1)_For any x we have the inequality G(x) > F(x). On the
other hand, G(x) < F*'(x) ~ nF(x). Hence the distributions F and G are weakly
tail-equivalent. Thus by Theorem 2.11, as x — oo,

Recalling that F x G(x) = F*(x) ~ nF (x), we deduce the following upper bound:

F*n=D(x) =G(x) < (n—1+0(1))F(x).
Together with lower bound (2.6) this implies that F*("=1(x) ~ (n — 1)F(x) as
x — oo, By induction we deduce then that F*2(x) ~ 2F(x), which completes the
proof. O

3.4 The Class 8" of Strong Subexponential Distributions

We have already observed that a heavy-tailed distribution F on R is subex-
ponential if and only if it is long-tailed and its tail is sufficiently regular that
lim, ... F % F(x) /F(x) exists (and that this limit is then equal to 2). Thus subex-
ponentiality, with all its important properties for the tails of convolutions, is effec-
tively guaranteed for all those heavy-tailed distributions likely to be encountered in
practice.

However, some applications, for example, those concerned with the behaviour
of the maxima of random walks with heavy-tailed increments, require a very
slightly stronger regularity condition with respect to their tails — that of mem-
bership of the class 8* of strong subexponential distributions which we introduce
below. We shall see that membership of 8* is again a tail property of a distribu-
tion and that 8* is a subclass of the class Sp of distributions which are whole-line
subexponential.

For any distribution F on R with right-unbounded support, we have the inequality

X _ _ x/2 o
/ F(x—y)F(y)dy = 2/ F(x—y)F(y)dy
0 0

_ x/2 __
> 27() [ Fay
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Therefore, always

hmlnf_ / F(x—y)F(y)dy > 2m,
x—e F(x)

where m = EE™ and & has distribution F. If F is heavy-tailed, then (see Lemma 4
in [25])

hmmf_ /F x—y)F(y)dy = 2m. (3.12)

X—00

These observations provide a motivation for the following definition.

Definition 3.22. Let F' be a distribution on R with right-unbounded support and
finite mean on the positive half line. We say that F' is strong subexponential, and
write F € 8, if

/Fx V)F(y)dy ~2mF(x) asx — oo,

where m = EE™ and & has distribution F.

It follows from the observation (3.12) that a distribution ' on R belongs to the
class 8* if and only if it is heavy-tailed and sufficiently regular that

7 [ e
exists. Thus it is again the case that most heavy-tailed distributions likely to be of
use in practical applications belong to the class 8*. This includes all those named
distributions introduced in Sect. 2.1, i.e. the Pareto, Burr, Cauchy, lognormal, and
Weibull (with shape parameter o < 1) distributions.

We shall see in Sect. 4.10 that the condition F' € 8* is equivalent to the require-
ment that the density f on R" given by f(x) := F(x)/m be subexponential in the
sense defined there.

We show first that the class 8* of strong subexponential distributions is a subclass
of the class L of long-tailed distributions on R.

Theorem 3.23. Let the distribution F on R belong to 8*. Then F is long-tailed.
Proof. Since, forx > 2,

/Fx y)F(y)dy > 2F (x /F dy+2Fx71/ F(y)dy,
the inclusion F € 8* implies

(F(x—1) / F(y %/ F(x—y)F(y)dy—F(x) /OX/Z F(y)dy
mF (x

—mF (x) +o(F(x)) as x — oo,

where again m = [° F (y)dy. It thus follows from Lemma 2.22 that F is long-tailed.
O



3.4 The Class 8* of Strong Subexponential Distributions 51

We now have the following analogue to the conditions for subexponentiality
given by Theorem 3.7.

Theorem 3.24. Let F be a distribution on R. Then the following are equivalent:
(i) F € 8"
(ii) F is long-tailed, and for every function h with h(x) < x/2 for all x and such
that h(x) — oo as x — oo,

x—h(x) _ _ _

/( : F(x—y)F(y)dy =o0(F(x)) asx— oo. (3.13)

h(x

(iii) There exists a function h with h(x) < x/2 for all x, such that h(x) — co as x — oo
and F is h-insensitive, and the relation (3.13) holds.

Note that it follows in particular from Theorem 3.24 that membership of the
class 8" is a tail property.

Proof. Note first that each of the conditions (i)—(iii) implies that F' is long-tailed.
This follows in the case of (i) from Theorem 3.23, and in the case of (iii) from the
existence of an increasing function with respect to which F is h-insensitive. Hence
we assume without loss of generality that F is long-tailed (F € L).

Let i be any function with /(x) < x/2, such that h(x) — oo as x — e and F is
h-insensitive. (Note as usual that since F is assumed long-tailed there exists at least
one such function £.) Then, for any x > 0,

X_ _ h(x) _ x—h(x) _ _
/0 Flx—=y)F(y)dy = 2/0 F(x—y)F(y)der/h( : Fx=y)F(y)dy.
The h-insensitivity of ' implies that
h(x) _ — _
/ F(x—y)F(y)dy ~ mF(x) as x — oo,
0

where again m = EE " and & has distribution F. It thus follows that the condition F €
8* is equivalent to (3.13). The theorem now follows on noting that, as in the proof of
Theorem 3.7, the reason why, in the statement (ii), we do not require any restriction
to functions /4 such that F is h-insensitive follows from Proposition 2.20(ii). a

We now have the following theorem and its important corollary.

Theorem 3.25. Suppose that F € 8%, that G is long-tailed, and that F and G are
weakly tail-equivalent. Then G € 8.

Proof. Let h be a function such that h(x) < x/2, h(x) — oo and G is h-insensitive.
Then, from Theorem 3.24 and the given weak tail-equivalence,

fp,wegmas=o( [ Fe-yFma)

= o(F(v))

=0(G(x)) asx — oo.

Again from Theorem 3.24, it now follows that G € 8*. O
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Corollary 3.26. Let distributions F and G be proportionally tail-equivalent.
IfF € 8" then G € §*.

The following theorem asserts in particular that 8* is a subclass of Sg.
Theorem 3.27. If F € 8%, then F € 8g and F; € 8.

We do not provide a proof for this result now. Instead of that we recall the notion
of an integrated weighted tail distribution and state sufficient conditions for its tail
to be subexponential. Then Theorem 3.27 is a particular case of Theorem 3.28.

Let F be a distribution on R and let it be a non-negative measure on R™ such
that

/0 TF()u(dr) s finite, (3.14)

Then, as in (2.25), we can define the distribution £}, on R™ by its tail:

Fu(x)::min(1,/Omf(x—&—t)/.L(dt))7 x> 0. (3.15)

We may now ask the following question: what type of conditions on F' imply the
subexponentiality of F},?

For any b > 0, define the class M, of all non-negative measures it on R such
that pt(x,x+ 1] < b for all x.

Theorem 3.28. Ler F € 8* and n € My, b € (0,00). Then Fy € 8. Moreover,
F x Fy(x) ~ 2F 4 (x) as x — oo uniformly in |1 € M.

Here are two examples of such measures p: (i) if u(B) =1{0 € B}, then F), is F
restricted to R™; (ii) if u (dr) = dr is Lebesgue measure on RT, then Fy, = Fj. These
examples give a proof of Theorem 3.27.

Proof. First, recall that Theorem 2.28 states that if F' is long-tailed, then £, is long-
tailed uniformly in g € M. Thus, it is sufficient to show that, for any A (x) — oo,

L ) Fulay)
lim sup — / Fu(x—y)Fu(dy) =0, (3.16)
ey oty Fu(x) Jh K H

see Theorem 3.7. For any u € M,

y+1 —

Fu(py+1] < | F(t)u(dt) <F(y)u(y,y+1] < bF(y).

Therefore, (3.16) holds if and only if

1 x—h(x) __ _
lim sup _—/ Fy(x—y)F(y)dy=0. (3.17)
XHW[.LEMb Flvl (x) h(x) H
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Since F € §*, as x — oo,

by Theorem 3.24. Then,

x—h(x) _ —
L Ry = [ (/ Fle+i-) <dr>> (v)dy

and we get (3.17). a

3.5 Sufficient Conditions for Subexponentiality

We formulate and prove here two results. The first may be applied to very heavy
distributions such as Pareto distributions, while the second one may be applied to
lighter distributions of the Weibull-type.

Theorem 3.29. Let F be a long-tailed distribution on R (F € L) and suppose that
there exists ¢ > 0 such that F (2x) > cF (x) for all x (that is, F belongs to the class D
of dominated-varying distributions introduced in Sect. 2.1). Then:

(i) F is whole-line subexponential.

(ii) F € 8%, provided F has a finite mean on the positive half line.
(iii) Fy € 8, for all u satisfying (3.14).

Note in particular that the statement (i) of Theorem 3.29 asserts that DN L C Sg.

Proof. Tt follows from the comment after Theorem 3.28 that (iii) implies (i) and
(ii). Thus it is sufficient to prove (iii). The inequality F(2x) > cF(x) yields, for
those values of x such that the integrals below are less than 1,

Fu(0) = [ Fx+yuidy)
> C/wa(ery/Du(dy)

> c/owf(ery),u(dy) = ¢Fu(x). (3.18)
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Now let &2 be any function such that 2(x) < x/2 and h(x) — . We have the following
bound:

[ R R = [Faeom@)s [ Rk
h(x) h(x) x/2

< Fo(/2)Fu(h(x)) + Fo (h() Fo(x/2).
Therefore, by (3.18),

x—h(x) _ _
/ b Fale () < Py (IFu(h)/e = oFy() asx— e

Applying now Theorem 3.7(ii), we conclude that F, € 8. ad

The Pareto distribution, and more generally any regularly varying or indeed inter-
mediate regularly varying distribution, satisfies the conditions of Theorem 3.29 (i.e.
belongs to DN L) and is, therefore, subexponential. All of the above distributions
whose means are finite also belong to the to class 8*.

However, the lognormal distribution and the Weibull distribution do not satisfy
the conditions of Theorem 3.29 and we need a different technique for proving their
subexponentiality.

Recall that we denote by R the hazard function given by R(x) := —InF(x) and
by r the hazard rate function given by r(x) = R'(x), provided the hazard function is
differentiable.

Theorem 3.30. Let F be a long-tailed distribution on R (F € L). Assume that there
exist Yy < 1 and A < o= such that the hazard function R(x) satisfies the following
inequality:

R(x)—R(x—y) < YR(y) +A, (3.19)

forall x> 0 and y € [0,x/2]. If the function e~ "=V js integrable over R, then
F € 8*. In particular, F is whole-line subexponential (F € Sg).

Proof. Forany h < x/2,
x—h _ x/2 _
/h F(x—y)F(y)dy = Z/h F(x—y)F(y)dy
_2F() / 2 R -RG)-RO) gy,
h
It follows from (3.19) that

/ 2 RO RO -RO) gy < A / " PR gy 0 ash oo
h h
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since the function e~ (1=7RM) jg integrable. Hence, if 4 is now any function such that
h(x) — oo then

x—h(x) __ _ _
[ Ry F o)y = ofF),
(x)

Hence, by Theorem 3.24, we have F € §*. a

We note briefly that, for 0 < 7 < 1, the function e~ (!~"R() is integrable if F has
a finite moment of order ﬁ + € on the positive half line R™ for some £ > 0. To see

this note that the tail of F may then be bounded from above by ex~/(1=7)~¢ (by the
Chebysheyv inequality):

e U7PRW) — (F(x))7Y < ! 1-0-7e,

The heavy-tailed Weibull distribution, with tail function F given by F(x) = e
for some o € (0, 1), satisfies the conditions of Theorem 3.30. Indeed, since the
function R(x) = x* is concave for & € (0, 1), we have for y <x/2 (so thatx—y >y
and R'(x—y) <R'(y))

R(x) —R(x—y) <yR'(x—y) <yR'(y) = 0R(y).

Similarly, it may be checked that the lognormal distribution satisfies conditions
of Theorem 3.30 and, therefore, belongs to the class 8*.

3.6 Conditions for Subexponentiality in Terms of Truncated
Exponential Moments

Note that some heavy-tailed distributions, for example those with tail functions of
the form e*/1°8* do not satisfy the conditions of Theorem 3.30 (in this case y = 1)
and we need a more advanced technique for proving the subexponentiality of such
distributions. The next two theorems, due to Pitman [40], relate the classes § and 8*
to the asymptotic behaviour of truncated exponential moments with special indices.

Theorem 3.31. Let F be a distribution on R™. Suppose that the hazard rate func-
tion r exists, is eventually non-increasing and that r(x) — 0 as x — . Then F is
subexponential (F € §) if and only if

X
/ &"IF(dy) — 1 asx— oo. (3.20)
0
Further, a sufficient condition for subexponentiality is that the function of y given by

" O)RO)p(y) is integrable over R*. Here R(x) = [} r(y)dy defines the correspond-
ing hazard function.
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Note that the integral in (3.20) is equal to E{eér(") ;& < x}, where & is a random
variable with distribution F'.

Proof. The proof consists of two steps. First, we show that it may be assumed with-
out loss of generality that the function r(x) is non-increasing for all x (and that
the condition (3.20) is a tail property), and then we prove the results under this
assumption.

Suppose first that (x) may increase in a neighbourhood of 0 but is non-increasing
for all x > x,. Define the non-increasing hazard rate

| r(x) for x < x,
re(x) = {r(x) for x > x.,

and put R, (x) = [;' 7. (y)dy. Define also the distribution F, by F (x) = e ®(¥)_ Then,
for all x > x,,

R(5) = R(x) = [ () =)y = c..

and hence, by Theorem 3.11, either both F, and F are subexponential or both are
not. We now prove that the functions » and r, either both satisfy, or else both fail to
satisfy, the condition (3.20). Note first that F,(x.) = e ““F (x). Note that r(x) — 0
as x — oo implies that "W 5 1asx — oo, uniformly in 0 <y < x,. Hence

[eeay = ([7+ [ e
0 0 X

X
— F[0,x.] +o(1) +/ "0 E(dy).
Xx
It now follows that F' satisfies the condition (3.20) if and only if

[ eray) = [ Fay)+o(1) =F(x) +o(1).

Xx X

Note also that F, (dx) = e~ “F(dx) for x > x,. Therefore, as x — oo,

/x eyr* (X) F* (dy) _ /x* eyr* (X) F;< (dy) + /x e)'r<x) F* (dy)
0 0 o

X

= F*[O,x*]—l—o(l)—i—e*"*/ "N F (dy)

= F[0,x]+o(1) +e (F(x.) +o(1))
= F,[0,x,] + F.(x.) +o(1) = 1+0(1).

where the equality in the second line follows since r(x) — 0 and from the definitions,
and equality in the third line holds if and only if and only if F satisfies (3.20).
Thus, we have shown that F satisfies (3.20) if and only if F; satisfies the analogous
condition, with F in place of F and r, in place of r. In other words, without loss of
generality, we may assume from the very beginning that r(x) is non-increasing for
all x > 0.
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It follows from the definition (3.1) that subexponentiality is equivalent to the
convergence: as x — oo,

X X
/0 ROROV P (gy) = /0 ROV RE=)=RO) (1) dy — 1. (3.21)
Since r(x) = R'(x) is non-increasing, R(x) is concave and
R(x)—R(x—y) >yr(x) foranyy € [0,x].

Hence, subexponentiality in the form (3.21) implies

X
limsup [ "™ F(dy) <1.

x—oo  JO

Together with the fact that the integral in the above expression is at least F [0, x], this
implies (3.20).
Now suppose that (3.20) holds. We make use of the following representation:

/ " RORE B () — ( /X/2+ ) )eR(x)R“‘»")R(”r(y)dy
0

x/2

= / RO r(y)dy
[ R R0
=1L +D.

The first integral is not less than F[0,x/2] which tends to 1 as x — oo. On the other
hand, for y < x/2, and therefore x —y > x/2,

R(x) —R(x—y) <yr(x—y) <yr(x/2). (3.22)
Thus,
"x/2
L < / DR (),
0
which tends to 1 as x — e by (3.20). Thus I} — 1.
On noting that, for any fixed y, eR0)—RE—)=RW)p(y) — ¢=RO)p(y) as x — oo and
that [;° e R r(y)dy = 1, we obtain that the family (in x) of functions (in y)
z(y) = RO TREDITRO) () Iy < x/2}

is uniformly integrable in the sense that

sup/ z(y)dy —0 asA — eo.
x JA
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Since r(x —y) < r(y) for all y < x/2, the integrand in I, is dominated by z(y).
It follows that I, — 0 as x — oo, since also eRO)—RE)=RO)p(x — y) <p(x —y)
— 0 for any fixed y. Thus (3.21) holds; that is, the condition (3.20) implies

subexponentiality.
The second part of the theorem follows by dominated convergence, since, for all
sufficiently large y < x, we have r(x) < r(y). O

As an example, consider a distribution F such that, for some o > 0 and for all
sufficiently large x,

F(x) = ¢ */log"s (3.23)

Then, again for sufficiently large x, the hazard rate function r is given by r(x) =
1/1og%x — o/ log®"! x and the function

() —R(x) r(x) = oo/ log®*! r(x)

(where, as usual, R is the corresponding hazard function) is integrable over R™.
Therefore, by Theorem 3.31, F is subexponential.

In the following theorem we give an applicable necessary and sufficient condition
for membership of the class 8*.

Theorem 3.32. Let F be a distribution on R with finite mean m. Suppose that the
hazard rate function r exists, is eventually non-increasing, and that r(x) — 0 as
x — oo, Then F is strong subexponential if and only if

/ eyr(x)F(y)dy —m  asx — oo. (3.24)
0

Further, a sufficient condition for F € 8 is that (the function of y given by) ey’(y>f(y)
is integrable over R™.

Proof. Arguments similar to those used in the proof of Theorem 3.31 show that
without loss of generality we may assume that the corresponding hazard function R
satisfies R(0) = 0 and that the hazard rate function r is non-increasing over all of R
The distribution F belongs to the class §* if and only if, as x — oo,

/X/2 ROROVE (3)dy = /X/2 R RC)=RO) gy — . (325
0 0

Since r(x) = R'(x) is non-increasing, R(x) is concave and
R(x)—R(x—y)>yr(x) foranyy € [0,x].

Suppose first that the condition (3.25) holds. Then
X —_—
limsup/ &"OF (y)dy < m.
x—oo  JO

However, we also have that the latter integral is at least [ F(y)dy which tends to m
as x — oo. Hence the condition (3.24) follows.
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Now suppose instead that the condition (3.24) holds. It follows from (3.22) that

/2 - x/2 —
/ RO=RE=F(y)dy < / "I (y)dy,
o 0

and from (3.24) that this latter integral tends to m as x — oo,
The second part of the theorem follows by dominated convergence, since, again
for all sufficiently large y < x, we have r(x) < r(y). O

As an example we again consider a distribution F whose tail is such that, for
some ¢ > 0 and for all sufficiently large x, the relation (3.23) holds. We now have
that F € 8%, since in this case the function

— _ o+1
exr(x) R(x) — ox/log® " x

(where the hazard rate function r is given as previously and R is again the corre-
sponding hazard function) is integrable over R™.

3.7 8 Is a Proper Subset of £

In this section we use Theorem 3.31 to construct a distribution F which is long-
tailed but not subexponential. Fix any decreasing sequence &, — 0 as n — oo. The
corresponding hazard function R(x) will be defined as continuous and piecewise
linear so that the hazard rate function r(x) := R'(x) = o, for x € (x,,_,x,]. Since on
the interval y € (x,,—1,x,]

yr(xn) = R(y) = y0 = [R(xn-1) + 0u(y = Xn-1)] > =R(x-1),

we have the following lower bound for the integral on the left side of (3.20):

/xn e)’r(xn)fR(y)r(y)dy > /XII efR(Xn—l)andy
Xn—1 X

n—1

= O (xn —xn_l)efk(x””).
Now choose xo = 0, R(xo) = 0, and the x;, so that
O (X —xn_l)efR(x”—” =2.
For this we take x, = x,—1 + 20, 1eR(n-1) and then

R(xp) = R(xpn—1) + 0ty (x4 — xp—1)
= R(x}171)+2€R(xn—l)'
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Clearly R(x) — oo as x — co. Since 04, — 0 as n — oo, r(x) — 0 as x — oo; thus, F (x) =
e RO jg long-tailed (see Sect. 2.5). On the other hand, by the above construction,

Xn
/ eYrln)—R(Y) r(y)dy >2 foralln,
X,

n—1

so that
"Xn
/ eV bm)—R() r(y)dy
Jo

does not converge to 1 as n — eo. It now follows from Theorem 3.31 that F' is not
subexponential.

The idea in this example is that the tail F is a piecewise exponential function; the
indexes of the exponents tend to zero and the lengths of the intervals of exponen-
tiality grow very fast.

3.8 Does F € 8§ Imply That Fy € §?

It is natural to consider the following question: May the assumption F € 8* of
Theorem 3.28 be weakened to F € §? In the case of Lebesgue measure i, i.e. where
Fy, = F, this question is raised in [22, Sect. 1.4.2].

In this section, we answer the above question in the negative by giving an exam-
ple of a distribution F € § with finite mean such that F; ¢ 8. This example is based
on the following construction.

Define Ry =0, R; = 1 and R, | = e®" /R,. Since e* /x is increasing for x > 1, the
sequence R, is increasing and

R, =0(Ry+1) asn— eo. (3.26)
Put #, = R2. Define the hazard function R(x) := —InF(x) as

R(x):Rn+rn(x_tn) forx € (tn’tn+1]’

where
R, .1—R 1
S s - (3.27)
Iny1—1In Rn+1 + Rn
1
~ asn — oo (3.28)
Rn+1

by (3.26). In other words, the hazard rate r(x) = R'(x) is defined as r(x) = r, for
X € (ty,ty41], where 1y, is given by (3.27). By construction, we have

F(ty) = e Vi,
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so that at the points #, the tail function F of the distribution F behaves like that of
the Weibull distribution with parameter 1/2. Between these points the tail decays
exponentially with indexes r;,.

We shall prove that F € § and has finite mean, but that F; ¢ 8. Let

Joi=Filtmin) = [ Fydu= [ e 0g
wi=Fi(tn,th1] = Mu—t e u.

In

Since by (3.28)

Jo=r,"! (eiR" — efR”“)

~rte W R, e R =1/R,  asn— oo, (3.29)

the mean of F,
> __ had Tl
/ F(y)dy=Y, / F(y)dy,
0 n=0"1n

is finite.

It follows from (3.27) that r(x) is eventually decreasing and tends to 0, and we
can thus apply Theorem 3.31 to show that F is subexponential. By that theorem,
F is subexponential provided the function ") ~R() r(y) is integrable over R™. We
estimate the integral of this function. Put

I, = / ! &TORO) () dy,
tn
Then

n+1
I, = rn/ eyrn_Rn—rn(y_tn)dy < rne_R"+r"tntn+1-
In

Since, as n — oo,

Palust = FaR3 ~ R (3.30)
by (3.28) and

Faty = 1aR2 ~ R2 /Ry 1 = Rie R — 0, (3.31)

we get, for n sufficiently large,

L <2R, e ®n ~2/R,.
Therefore,

/Ow "OIRO) () dy = i I, < o,
n=0

and F is indeed subexponential.
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In order to prove that F; is not subexponential, we again take use of Theorem
3.31. It suffices to prove that

/ "V Fy(dy) = / " WF (y)dy — o
0 0

for some subsequence of points x. If we take x = 7,1 |, then the latter integral is not
less than

/InH e}"(tnﬂ)f(y)dy = /thrl eyrne—Rn—’n(y—’n)dy
17 n
> e R (11— 1)

Then, for all those n where ¢,,1 > 2t,,
Tnt1
/ QT E(dy) > e Pty /2= R /2 = eFn 2R,
0

which tends to infinity as n — oe. so that Fj is not subexponential. Thus, F € 8§ and
has finite mean, but Fj ¢ S.

3.9 Closure Properties of the Class of Subexponential
Distributions

In this section, we discuss the following question: is the class Sg closed under con-
volution? It is well-known that the class of regularly varying distributions, which is
a subclass of the class Sg of subexponential distributions, is closed under convolu-
tion. Indeed if F and G are regularly varying, the result that F x G is also regularly
varying is straightforwardly obtained from Theorem 3.14 by taking the “reference”
distribution of that theorem to be (F + G)/2. It is also known that the class Sg
does not possess this closure property. However, if distributions F, G € Sg, then it
follows from Corollary 3.16 that a sufficient condition for F x G € Sg is given by
G(x) = O(F(x)) as x — oo. (Indeed, as the corollary shows, G may satisfy weaker
conditions than that of being subexponential.) Further it follows that under this con-
dition we have that, for any function 4 such that i(x) — e and both F and G are
h-insensitive,

P{E+1n >x,& > h(x),n >h(x)} =o(F(x) +G(x)) asx—e,  (3.32)

where & and 7 are independent random variables with respective distributions F
and G. (See, for example, the proof of Theorem 3.14 above.) The following result is
therefore not surprising: if F, G € Sg, the condition (3.32) is necessary and sufficient
for F * G € 8.
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Theorem 3.33. Suppose that the distributions F and G on R are subexponential.
Then the following conditions are equivalent:
(i) FxG(x) ~ F(x) + G(x) as x — oo
(il) FxG € S
(iii) The mixture pF + (1 — p)G belongs to Sg for all p satisfying 0 < p < 1
(iv) The mixture pF + (1 — p)G belongs to Sg for some p satisfying 0 < p < 1
(V) The relation (3.32) holds for any function h such that h(x) — e as x — o and
both F and G are h-insensitive

(vi) The relation (3.32) holds for some function h such that h(x) — oo as x — o and
both F and G are h-insensitive

Proof. Let h be any function such that z(x) — oo as x — oo and both F and G are
h-insensitive. We show that each of the conditions (i)—(iv) is equivalent to (3.32).
The equivalence of the conditions (i)—(vi) of the theorem is then immediate. First,
since F' and G are subexponential, and hence long-tailed, it follows from the decom-
position (2.18) and Lemma 2.34 that

F*G(x)
=F(x)+o(F(x))+G(x) +0(G(x)) +P{E +1 > x,& > h(x),n > h(x)}. (3.33)
Hence the condition (i) and (3.32) are equivalent.

To show the equivalence of (ii) and (3.32) observe first that subexponentiality of
F and G implies that

F2(x) ~2F(x),  G2(x) ~2G(x), (3.34)

and thus in particular, from Lemma 2.37, that

P{&+&+ni+m>x8 +8& > h(x),n +n2 > h(x)}
~AP{E 4+ > x,E > h(x),n > h(x)}. (3.35)

Further, since (F x G)*2 = F*2 % G*? and since both F*2 and G*? are h-insensitive,

F % G)*2(x) may be estimated as in (3.33) with F*? and G*? replacing F and G.
y P g
Hence, using also (3.34) and (3.35),

(F+G)*(x)

=24+0(1)(F(x)+G(x))+ (4+o0(1))P{E+n > x,&E > h(x),n > h()%}é;@

Now since subexponentiality of F and G also implies, by Corollary 2.42, that
F %G € L, the condition (ii) is equivalent to the requirement that

= (2+0(1))(F(x) +G(x) + 2 +0(1))P{E+n >x,E > h(x),n > h(x)},
(3.37)
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where (3.37) follows from (3.33). However, the equalities (3.36) and (3.37) hold
simultaneously if and only if (3.32) holds.

Finally, to show the equivalence of (iii) (and (iv)) and (3.32), fix p such that
0 < p < 1 and note first that pF + (1 — p)G is h-insensitive. Hence, by Theorem
3.6, subexponentiality of pF + (1 — p)G is equivalent to

oo

. PF + (1= p)G(max(h(x),x—y))(pF + (1 — p)G)(dy) = o(F (x) + G(x)).

The left side is equal to

PP{E+E>x,E1>h(x), &>h(x) }+(1—p)*P{m+12 > x,m1 > h(x), M > h(x)}
+2p(1=p)P{&+n >x,8 > h(x),n > h(x)}.
By subexponentiality of F and G and again by Theorem 3.6, P{&; + & > x,&; >

h(x),& > h(x)} = o(F(x)) and P{n; + 12 > x,1m1 > h(x),m2 > h(x)} = o(G(x)).
The equivalence of (iii) and (3.32) now follows.

O

In general, the class Sk is not closed under convolutions. An example of two
subexponential distributions F; and F; such that F| * F, is not subexponential was
constructed by Leslie in [36].

3.10 Kesten’s Bound

We know that if a distribution F on R is subexponential (F € Sg) then F*(x)/
F(x) — n as x — oo. However, for many purposes, e.g. the application of the domi-
nated convergence theorem, an upper bound for F*(x) /F (x) is required. One such
is given by the theorem below, known as Kesten’s bound.

Theorem 3.34. Suppose that F € Sg. Then, for any € > 0, there exists ¢(€) > 0 such
that, for any x > 0 andn > 1,

F*(x) < c(e)(1+€)"F(x).

Proof. Since for any random variable & we have & < £, it is sufficient to prove the
theorem for distributions on the positive half-line R™. Let £;,&,... be a sequence
of independent random variables with common distribution F, and, for each n, let
Sp =21 ,&.Forxy>0andk > 1, put

F*k(x)
Ar = Ak(xp) = sup — .
k :=Ar(xo0) sup 7

Take € > 0. It follows from subexponentiality that there exists xo such that, for any
X > X0,
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P{&i+& >x, & <x} =P{& +& >x} —P{& > x}
< (1+¢/2)F(x).

We have the following decomposition

P{S, >x} =P{S, >x, & <x—xo} +P{S, > x, &, > x—x0}
=: Pi(x) + P (x).

By the definitions of A,,_; and xg, for any x > xo,

P = [ BS o >x -y P(G e dy)

X —X|

0 __
SAia ) Fla—y)P{G e dy}
:Anfl]P){él +§n > X, gn SX_XO}

<A, 1(1+¢€/2)F(x). (3.38)
Further, for any x > x,
Py(x) <P{& >x—xo} <LF(x), (3.39)
where

Since F is long-tailed, L is finite. It follows from (3.38) and (3.39) that A, <
An—1(1+€/2)+ Lfor n > 1. Therefore, an induction argument yields:

n—2
Ay <A(1+€/2)" '+ LY (1+€/2) <Ln(1+¢/2)""".
=0

This implies the conclusion of the theorem. a

It is straightforward to check that the above proof depends on F* only through the
quantity |F x F(x)/F(x) — 2|. We hence obtain immediately the following uniform
version of Kesten’s bound.

Theorem 3.35. Suppose that the family of distributions F is uniformly subexponen-
tial, that is,

FxF
sup| 2 F ) —2‘ 0 asx— e, (3.40)
Fegl F(x)
and, in addition, for any y > 0,
F(x—
sup sup (=) < oo, (3.41)

FeF x f(x)
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Then, for any € > 0, there exists ¢(€) > 0 such that, forany F € F, x> 0andn > 1,
F*i(x) < c(e)(1+¢&)"F(x).

Recall from Sect. 3.4 that, for any b > 0, we define the class M, to consist of all
non-negative measures (L on R such that p(x,x + 1] < b for all x. As before, we
define the distribution Fj, on R™ by its tail:

Fu(x):= min(l,/ f(x—kt)u(dt)), x> 0.
0
We now have the following corollary to Theorem 3.35.

Corollary 3.36. Assume that F € 8§ and b > 0. Then, for any € > 0, there exists
c(&) > 0 such that, for all & € My, x > 0andn > 1,

Fi(x) < e(e)(1+2)"Fu(x).

Proof. We check the conditions of Theorem 3.35. The uniform subexponentiality
follows from Theorem 3.28. Fix y > 0. Since F € §*, F is long-tailed and, therefore,
there exists ¢ < oo such that F(x —y) < ¢F(x) for all x. Then

/wf(x—y—kt)u(dt) < c/wf(x—kt)u(dt),
0 0

and so also the condition (3.41) holds. a

3.11 Subexponentiality and Randomly Stopped Sums

In this section we study tail asymptotics for the distribution of a sum of independent
identically distributed random variables stopped at a random time which is indepen-
dent of the summands. These results may be used in a variety of areas including the
theory of random walks, branching processes, infinitely divisible laws, etc.

Let &, &1, &, ... be independent random variables with a common distribution
FonR". LetSy=0and, forn > 1,let S, =& +...+&,. Let the counting random
variable T be independent of the sequence {&,} and take values in Z*. Then the
distribution of S; is given by

F*" =Y P{t=n}F". (3.42)
n=0

The first result below says that if the random variable 7 has a light-tailed dis-
tribution and the distribution F of the random variables &; has a subexponential
distribution, then again there holds the “principle of a single big jump” introduced
in Sect. 3.1.
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Theorem 3.37. Suppose that ET < o, that F € Sg and that E(1+4 8)" < e for some
6 > 0. Then

IP’{iT > x}

Fo) —ET asx— oo (3.43)

Proof. The proof is immediate from Corollary 3.20, Theorem 3.34, and the domi-
nated convergence theorem. O

Here the result is valid for any subexponential distribution on the whole real
line. For a fixed distribution F, the condition E(1 + §)7 < oo may be substantially
weakened. We can illustrate this by the following example. Assume that there exist
finite positive constants ¢ and « such that F(x/n) < cn®F (x) forall x > 0 and n > 1
(for instance, the Pareto distribution with parameter ¢ satisfies this condition). Then
P{S; > x} ~Et7-F(x) as x — oo provided E7! "¢ is finite; this follows by combining
the dominated convergence with the inequalities

P{S, >x} <P{n- I,?f,fék > x} <nP{& >x/n} <n'TUF(x).

The next result shows that subexponentiality on the positive half-line R is es-
sentially characterised by the relation (3.43).

Theorem 3.38. Suppose that ET < e and that P{t > 1} > 0. Suppose further that
the distribution F is concentrated on R and that

P{S
limsupw <Er.

X—00 F(X)
Then F € 8.

Proof. For each positive integer k, let p, = P{t = k}; note also that, from (2.6),
since F is concentrated on R™ and has unbounded support,

Tk
liminf F_ ()
)

> k. (3.44)

Let n > 2 be such that p,, > 0. Then, from (3.42) and the theorem hypothesis,

P
Et > limsup M
X—>00 F(x)
F*k(x) Fn (x)
> liminf ) pr— + pplimsup —
X—>00 k%’t F(x) " X—00 F(x)
. FR(x) : F*(x)
> > piliminf —= + pplimsup ————=
2 pulimint S palimeup =S
F*n(x)

> » pik+ pplimsup —=——=,
k;ézn " X—>00 F(x)
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where the third line in the above display follows from Fatou’s Lemma and the last
line follows from (3.44). Since also ET = ¥~ pik and p, > 0, it follows that

o
limsup — (x)
X—00 F(.x)

<n

)

which, by Theorem 3.21, implies the subexponentiality of F. O

The uniform version of Kesten’s bound, see Theorem 3.35, implies the following
result for families of distributions.

Theorem 3.39. Let 6 > 0 and ¢ < . Suppose that the family of distributions F is
uniformly subexponential, that is,
FxF(x

sup _—)Z‘HO as x — oo,
Fes| F(x)

and that, in addition, for anyy > 0,

F(x—
sup supM < oo,

FeF x (x)

Then

Y F(x)P{t =n} ~ EF (x)
n=0
as x — oo uniformly in F € F and in all T such that E(1+06) < c.

Together with Corollary 3.36, Theorem 3.39 implies the following uniform
asymptotics.

Corollary 3.40. Let b > 0, 0 > 0 and ¢ < . Suppose that F € 8*. Then
D W(x)]?{r =n} ~ EtF ()
n=0

as x — oo uniformly in € My, and in all T such that E(1+6)% <c.

3.12 Comments

The concept of subexponential distributions (but not the name) was introduced by
Chistyakov in [11], in the context of branching processes. In the same paper, the
present Lemma 3.2 was established as well as some sufficient conditions for subex-
ponentiality. Also, Theorem 3.34 (Kesten’s bound) was proved under an additional
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technical assumption. The general case of Kesten’s bound was proved by Chover,
Ney, and Wainger in [13]. The first book containing subexponential stuff was [5] by
Athreya and Ney.

The notion of weak tail-equivalence and Theorem 3.11 go back to Kliippelberg
[29].

The class §* was introduced by Kliippelberg [29].

Corollary 3.18 was proved by Embrechts, Goldie, and Veraverbeke [21].

The version of Corollary 3.16 with G € L was proved by Embrechts and
Goldie [19]). Corollary 3.19 is well-known (and goes back to Embrechts and
Goldie [20] where the case n = 2, G| = G, was considered; some particular re-
sults may be found in Teugels [46] and Pakes [39], see also Asmussen, Foss, and
Korshunov [3]).

Theorem 3.31 is due to Pitman [40].

Examples where F is long-tailed but not subexponential can be found in
Embrechts and Goldie [19], and in Pitman [40]. Here we have followed the idea
of Pitman.

The first four equivalences given by Theorem 3.33 were proved by Embrechts
and Goldie in [19].






Chapter 4
Densities and Local Probabilities

This chapter is devoted to local long-tailedness and to local subexponentiality. First
we consider densities with respect to either Lebesgue measure on R or counting
measure on Z. Next we study the asymptotic behaviour of the probabilities to be-
long to an interval of a fixed length. We give the analogues of the basic properties
of the tail probabilities including two analogues of Kesten’s estimate, and provide
sufficient conditions for probability distributions to have these local properties.

The study of local properties of subexponentiality gives insights into the lo-
cal asymptotic behaviour of sums and maxima of random variables having heavy-
tailed distributions and, in particular, permits us to obtain the local asymptotics for
the supremum of a random walk with negative drift. The concept of a subexpo-
nential density on the positive line is well-known, while the broader concept of
‘delta’-subexponentiality has been introduced recently [3]. The theories for these
two classes of distributions look similar, but there are (sometimes essential) differ-
ences in the ideas and proofs, and we therefore think that it makes sense to provide
a complete treatment of both concepts.

Sections 4.1-4.4 deal with long-tailed densities, subexponential densities, and
sufficient conditions for a distribution to have a subexponential density, while
Sects. 4.5—4.8 deal with similar topics for A-subexponential distributions.

4.1 Long Tailed Densities and Their Convolutions

In this section, we provide the definition and basic properties of long-tailed densities
on the real line R. Since a long-tailed density may be a non-monotone function,
we cannot prove here a general result similar to Theorem 2.41 for tail distribution
functions. We provide instead two separate results, Theorem 4.3 and Lemma 4.4.

Let i be either Lebesgue measure on R or counting measure on Z. We say that a
distribution F on R is absolutely continuous with respect to u if F has a density f
with respect to U, that is, for any Borel set B C R,

S. Foss et al., An Introduction to Heavy-Tailed and Subexponential Distributions, 71
Springer Series in Operations Research and Financial Engineering,
DOI 10.1007/978-1-4419-9473-8_4, (©) Springer Science+Business Media, LLC 2011
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B) = [ ruldx

In what follows the argument of the density is either a real number if u is Lebesgue
measure; or an integer if u is counting measure. If u is Lebesgue measure, then f
is a density of F if, for any Borel set B C R,

B) = /B F(x)dx

If 1 is counting measure, then f is a density of F' if, for any B C Z,

= f(n)

neB

For two distributions F and G with densities f and g respectively, the convolution
F % G has density f * g with respect to u given by

(f*g)(x /fx y)G(dy) = /fx y)g(y)u(dy).

Definition 4.1. We say that a density f with respect to u is long-tailed if f(x) >0
for all sufficiently large x and f(x+¢) ~ f(x) as x — oo, for any fixed 7 > 0.

Thus a density f is long-tailed if and only if f is a long-tailed function. As
pointed out in (2.18), it then follows that f(x+1¢) ~ f(x) as x — e uniformly over ¢
in compact intervals. In particular, this implies that if f is long-tailed, then f(x) — 0
as x — oo, To see this, assume that, on the contrary, there exist a sequence x, — oo
and € > 0 such that x,; > x, +2 and f(x,) > 2¢ for all n. Then, from the uni-
form tail-equivalence (2.18) with a = 1, there is N such that, for n > N and for
X € [x,— L,x,+1), f(x) > €. Hence,

t= [ sy > z/x"“ u(dy) zg _

xp—1

This contradiction proves that f(x) — 0 as x — co.
Every distribution F with long-tailed density f is long-tailed itself, since for any
fixed y

Flety) = [ sty unidn
~ /wa(x—i— u)u(du) =F(x) asx— oo.

Theorem 4.2. Let the distributions F and G on R have densities f and g with re-
spect to l. Suppose that f is long-tailed. Then the density f x g satisfies

limint 58 > 1. .1
x—o (x)
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If, in addition, g is long-tailed, then

liminf L8))_

)+ e “2)

Proof. Fix any a > 0. By the uniform convergence (2.18), f(x—y) ~ f(x) as x — oo
uniformly in |y| < a. Hence,

(f*g)(x) > juf(x_y)G(dy) ~ f(x)G[—a,a) asx— oo.

Letting a — oo we obtain (4.1).
If g(x) is also long-tailed, then g(x — y) ~ g(x) as x — oo uniformly in |y| < a.
Thus, for all x > 2a,
a a
() > [ flx=3)Gldy)+ [ glx—y)F(dy)
—a —a
~ f(0)G[-a,a) +g(x)F[-a,a) asx — e

Letting a — oo we obtain

o (Fre))
i o+ o0

Hence the equality (4.2) will follow if we show that

(f ) (x)

T+ et =

>1.

To prove this, assume that, on the contrary, there exist € > 0 and x( such that, for all
X > X0,

(f+8)(x) = (1+&)(f(x) +8(x)).

Integrating with respect to x we obtain

FxG(x) > (1+¢&)(F(x) +G(x)),
which implies
FrxGr(x)> (1+&)(F (x)+ G (x)),

Since the density f is long-tailed, the distribution F is also long-tailed and, there-
fore, heavy-tailed, and so the latter inequality contradicts Theorem 2.13. a

Theorem 4.3. Let the distributions F and G on R have densities f and g with re-
spect to [l both of which are long-tailed. Then the density f * g of the convolution
F %G is also long-tailed.
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Proof. By Lemma 2.19 and Proposition 2.20, we can choose a function % such that
h(x) < x/2, h(x) — oo as x — oo and both f and g are h-insensitive (i.e. f(x —y) ~
f(x) and g(x —y) ~ g(x) as x — oo uniformly in |y| < h(x)). Fix 7 > 0. Then,

x—h(x) x+1—h(x)

fatt=yGldy)+ | = SE+1=))Gd)

(reg)a+n= [

—oo

+ /m fx+t—y)gy)u(dy). (4.3)
Jx+t—h(x)

For fixed 7 > 0, it follows from the given conditions on & that f(x+7—y) ~ f(x—y)
as x — oo uniformly in y < x — h(x). Therefore, as x — oo,

x—h(x) x—h(x)
/40 f(X+t—y)G(dy)~lw f(x—y)G(dy). (4.4)

The second integral is bounded from above by
sup  f(y)Glx—h(x),x+1—h(x)) ~ 1f(h(x))g(x)
yE[h(x)h(x)+1)
= o(glx)) =o((f*g)(x)) (4.5)

as x — oo, by (4.2). The third integral in (4.3) is equal to

h(x) h(x)
/_ glx+1—y)F(dy) ~ /_ g(x—y)F(dy) (4.6)
by arguments similar to that leading to (4.4). Collecting (4.4)—(4.6), we get (f x g)
(x+1) = (f*g)(x) +o((f*g)(x)), since the sum of right sides in (4.4) and (4.6)
equals (f * g)(x). This completes the proof. O

Lemma 4.4. Let the distributions F and G on R have densities f and g with respect
to U. Suppose that f is long-tailed and that

supg(z) = o(f(x)) asx —ee.

22X
Then f x g is also long-tailed.

Proof. Again Lemma 2.19 with Proposition 2.20 enables us to find an increasing
function % such that h(x) < x/2, h(x) — oo as x — o and f is h-insensitive. For
any ¢, consider the following decomposition:

x—h(x)

(reg)rn) = |

—oo

Jx+1-)G(dy) +/ o )f(x+t —y)g()u(dy).
X—n(x
The first integral satisfies (4.4). The second integral is not greater than

sup () = o(f(x —h(x))) = o(f(x))- 4.7

y>x—h(x)
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It follows from (4.4) and (4.7) that, as x — oo,

(f*8)(x+1) = (1+0(1))(f*g)(x) +o(f(x)).

Applying now the result (4.1) of Theorem 4.2, we arrive at the desired equivalence
(f*g)(X'H)N(f*g)(x)asx—>oo. 0

Theorems 4.2 and 4.3 imply the following corollary.

Corollary 4.5. Suppose that f is long-tailed. Then f*" is also long-tailed and

*1
liminfd &) S

NG

4.2 Subexponential Densities on the Positive Half-Line

In this section, we introduce the concept of a subexponential densities on the half
real line R™. We study further their properties, in particular giving closure properties
for the class of such densities and providing also the analogue of Kesten’s estimate.

Definition 4.6. We say that a density f on R™ with respect to i is subexponential if
f is long-tailed and

120= [ =D 0mldy) ~26() asx—e,

Typical examples of subexponential densities are given by the Pareto, lognor-
mal, and Weibull (with parameter between O and 1) distributions (see Sect. 4.4 for
proofs).

Every distribution F with subexponential density f is subexponential itself,
since then

FiF() = / TN ) udy)

~ Z/X F)u(dy)
=2F(x) asx— oco.

The converse result is not in general true: one can, for example, modify a density
while keeping the corresponding distribution almost the same. For example, we may
take any subexponential density g corresponding to a, necessarily subexponential,
distribution G, and construct a new density f such that f(x) is equal to g(x) every-
where except the intervals x € [2",2" 4+ 1), n > 1 where we put f(x) = 0. To make f
a probability density, we may add an appropriate mass to the interval [0, 2]. Then the



76 4 Densities and Local Probabilities

density f is not subexponential because it is not long-tailed. On the other hand, the
corresponding distribution F is subexponential, since it may easily be verified that
F(x) ~ G(x) as x — oo and G is subexponential.

Now we formulate the basic theorem for subexponential densities.

Theorem 4.7. Suppose that the distribution F on RY has a long-tailed density f
with respect to lL. Then the following assertions are equivalent:
(i) The density f is subexponential.

(ii) For every function h such that h(x) — e as x — oo and h(x) < x/2,

a—h(x)
[ ) ot as ws)

(iii) The relation (4.8) holds for some function h such that h(x) < x/2, h(x) — oo as
x — oo and f is h-insensitive.

Proof. (1)=-(ii). Assume that f is subexponential. We have

) x—h(x)
o =2 [ @)+ [ e @9)

By Fatou’s lemma,

liminf FO)u(dy) > 1,

== Joo f(x)
and so (4.8) follows from the subexponentiality of f.

(i1)=-(iii). This implication is trivial on recalling that f is long-tailed.

(iii)=-(i). Assume now that the relation (4.8) holds for some function & as given
by (iii). Then (4.9) holds, and the first integral on the right of (4.9) is tail-equivalent
to f(x) (as x — o) by the choice of the function 4. Together with the condition (4.8)
this implies the subexponentiality of f. a

Theorem 4.8. Let f be a subexponential density on R™ with respect to [L. Suppose
that the density g on R™ is long-tailed and that f and g are weakly tail-equivalent,
that is,

(x) g(x)

0 < liminf == <limsup == < oo. (4.10)
e f() = et £(x)

Then g is also subexponential.
In particular, the condition (4.10) is satisfied if g(x) ~ cf(x) as x — oo for some
c € (0,00).

Proof. The result follows from Theorem 4.7(ii) and (iii): observe that (4.10) implies
that there exists ¢; < oo such that g(x) < ¢;f(x) for all sufficiently large x; hence,
for any function % such that h(x) < x/2 for all x, h(x) — o as x —  and g is
h-insensitive,
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x—h(x)

[ st emtan < [ st = o) = oleto).

h(x) X

Lemma 4.9. Let f be a subexponential density on R™ with respect to W. Let fi, f>
be two densities on RY such that f1(x)/f(x) — ¢ and f>(x)/f(x) — ¢z as x — oo,
for some constants c1, ¢y > 0. Then

(fi*f2)(x)

—————= — 1+ asx— oo, 4.11)

J(x)
Further, if c; + ca > 0 then the convolution fi * f> is a subexponential density.

Proof. Let h be any function such that h(x) < x/2, h(x) — e as x — oo and f is
h-insensitive. Then

h(x) h(x)
fix falx) = /0 f (X—y)fz()’)ﬂ(dy)‘f'/o fa(x—=y)fi(y)u(dy)

x—h(x)
o, AEROEE@)
=:5(x)+ L(x)+ »(x).
We have I (x)/f(x) — ¢; and L (x)/ f(x) — ¢ as x — oo. Finally,
x—h(x)
B < (erea+o() [ fx=y)f()dy) = ol ().
h(x)

by Theorem 4.7(ii), so that (4.11) now follows. The final assertion of the lemma
follows from Theorem 4.8. a

Using induction arguments, we obtain the following corollary.

Corollary 4.10. Assume that f is a subexponential density on R™ with respect to |L.
Then, for anyn > 2, f*"(x) ~nf(x) as x — oo and f*" is a subexponential densiry.

For subexponential densities on R™ we have the following analogue of Kesten’s
bound.

Theorem 4.11. Assume that f is a subexponential density on Rt with respect to |L.
If f is bounded, then, for any € > 0, there exist xo = xo(€) and c(&) > 0 such that, for
any x > xo and for any integer n > 1,

() <c(e)(1+€)"f(x).

Proof. Take ¢ < oo such that f(x) < ¢ for all x > 0. Then it follows from the convo-
lution formula that

F(x) < eF*=D]0,x] < ¢ forallx>0andn > 1. (4.12)
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Since f is long-tailed, there exists x| such that

inf f(x) >0 foreveryx, > x. (4.13)

xElxy X

For xg > x; andn > 1, put

At = 5

Fix any € > 0. By the subexponentiality of f, there exists x( such that, for all x > x,

| ra=roman < (1+e/2)5w.

For any n > 2 and x > 2xy,

= [ e o+ [ - em)

By the definition of A, (x) and the choice of xg,

[ e remtan < i) [ fa-nrouia)
< Api(x0)(1+£/2)(x). (4.14)
Further,
| = o) < max -y L), @15)
where
f—y)

Ly := sup
0<y<xp,t>2x9 f(t)

If xp < x < 2xg, then, by (4.12) and (4.13),
[ e
flx) — infy) <r<oy, f(t)

Since f is long-tailed, we may choose xg so that also L; < eo. Put L = max(L;,Ly).
It follows from (4.14) to (4.16) that, for any x > x,

J7(x) < (An-i(x0)(1 +€/2) + L) f ().

=L, < oo (4.16)

Hence, A, (x0) < A,—1(x0)(1 4 €/2) + L. Therefore, an induction argument gives

An(x0) <A1(x0)(1+£/2)"! +Ln§(1 +e/2)! <Ln(14¢/2)" !,
1=0

which implies the conclusion of the theorem. O
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4.3 Subexponential Densities on the Real Line

In the previous chapter we showed that there are two equivalent ways to define the
subexponentiality of probability distributions on the whole real line: the distribution
F of a random variable & is subexponential if, either:

(1) Itis long-tailed and F  F(x) ~ 2F (x) as x — oo, or, equivalently, if

(2) The conditional distribution P{& € -|& > 0) on the positive half-line RT is

subexponential

The latter shows that subexponentiality continues to be a tail property for distribu-
tions defined on the whole real line; in particular we have Theorem 3.6.

For probability densities the situation is more complex. Suppose that a distribu-
tion F on R has a density f with respect to (. We give here two candidate conditions
for the definition of the subexponentiality of f, the first of which preserves the tail
property while the second does not. In the interests of openness we refrain from
making a present judgement as to which condition might be considered more ap-
propriate. Our two conditions are:

(D1) The density f of the conditional distribution of F on R, that is,

frx) = %, 4.17)

is subexponential.
(D2) The density f of F is long-tailed and

£ = [ e 0 ~2f() sk @18)

It follows immediately from the results of the previous section that the condi-
tion (D1) defines a tail property of the distribution F'. Further, if the distribution F
has a support which is bounded below, i.e. f(a) = (0 for some a € R, then the situa-
tion is essentially no different from that in which F in concentrated on R™; it is easy
to see (using the long-tailedness of f) that the theory of the previous section con-
tinues to hold and that the conditions (D1) and (D2) above are equivalent. However,
when the support of the distribution F is not bounded below, then the behaviour of
its left tail may influence the right tail of the density of its convolution with itself,
and here the condition (D2) may not correspond to a tail property of F'.

In Lemma 4.12 below we show that the condition (D2) implies the condi-
tion (D1), while in Lemma 4.13 we show that, under a further condition on the
right tail of F, the conditions (D1) and (D2) are equivalent.

Lemma 4.12. Suppose that the distribution F on R has a density f with respect to
W which is long-tailed and which satisfies the condition (4.18). Then the density f*
on R™ given by (4.17) is subexponential.
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Proof. Since f is long-tailed, by Lemma 2.19, we can choose a function / such that
h(x) <x/2, h(x) — oo as x — oo and f is h-insensitive. Then

0 —h(x) h(x)
2w =2 =) o)) +2 [ T a(a

+ / N )F () (dy) (4.19)
>2 / v flx— p(dy) + / )f()u(dy)
~2f(x)+ / )F()udy)

as x — oo, by the choice of the function 4. Since also f satisfies the condition (4.18),
we obtain that

x—h(x)
/h<x>h SE=2)f)u(dy) = o(f(x)) asx— e,

Hence the density f* satisfies the condition (4.8) of Theorem 4.7 and so is
subexponential. a

We now give the converse result where we require an extra condition.

Lemma 4.13. Suppose that the distribution F on R has a density f with respect to
U such that, for some xo and ¢ < oo,

fx+y)<ecf(x) forallx>xyandy> 0. (4.20)

Suppose further that the density f* defined by (4.17) is subexponential. Then f (in
addition to being long-tailed) satisfies the condition (4.18).

Proof. Since the subexponentiality of £ implies that f is long-tailed, we may again
choose a function /4 such that 2(x) < x/2, h(x) — oo as x — oo and f is h-insensitive.
‘We make use of decomposition (4.19). It follows from the condition (4.20) that

—h(x)
[ s nr0)m@) < ertorh)

—oo

=o(f(x)) asx— co. (4.21)
Further, from the choice of &,
h(x)
[ re=nsomtan ~ 1) [ routan

~2f(x) asx— oo. (4.22)
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Since the density f* is subexponential, it follows from Theorem 4.7 that

x—h(x)
/h ' FHx=y) T u(dy) = o(f(x)) asx— oo,

and hence

x—h(x)
Ly TG OR@) = o) asxme @2)
The relations (4.21), (4.22), and (4.23) now imply that £*2(x) ~ 2f(x) as x — oo.

O

We conclude this section with the following comment. In contrast to tail func-
tions, densities are not in general decreasing functions. Moreover, a subexponential
density may be not tail-equivalent to any non-increasing function and, in particular,
the condition (4.20) may fail. This may be viewed as being essentially the reason
for the difficulty in extending the concept of subexponentiality of densities to distri-
butions on R.

4.4 Sufficient Conditions for Subexponentiality of Densities

Sufficient conditions for distributions to be subexponential were given in Sect. 3.5.
In this section, we provide similar conditions for subexponentiality of densities.

Theorem 4.14. Let the distribution F on R™ have a long-tailed density f. Suppose
that there exist ¢ > 0 and xq such that f(y) > cf(x) for any x > xy and y € (x,2x].
Then the density f is subexponential.

Proof. Let h be any positive function such that z1(x) — eo as x — e and h(x) < x/2
for all x. Then

[ et =2 [ ey oty
ax) YWY Y h(x) e ’

x/2
< 2f() | o JOIB) =o(/(2)

as x — oo, The subexponentiality of f now follows from Theorem 4.7(ii). O

Observe that in particular the density of the Pareto distribution satisfies the con-
ditions of Theorem 4.14.

Theorem 4.15. Let the distribution F on R™ have a long-tailed density f. Suppose
that, for some xo, the function R(x) := —Inf(x) is concave for x > xo. Suppose
further that there exists a function h such that h(x) < x/2 for all x, that h(x) — oo as
X — oo, that f is h-insensitive, and that xe RX) 5 0 gs x — oo, Then the density f
is subexponential.



82 4 Densities and Local Probabilities

Proof. Since g is concave, the minimum of the sum R(x —y) + R(y) in y € [h(x),
x — h(x)] is equal to R(x — h(x)) + R(h(x)). Therefore,

/h;)hm Fx=y)fO)u(dy) = /h;)h(x) e*(R(X*.VHR(y))“(dy) < xe~ (Ra—h(x)+R(h(x)))
Since e RO—1() =R,
x—h(x)
L SEmOmay) = 0 e M) o)),
so that the result now follows from Theorem 4.7. a

The density of the Weibull distribution with parameter o € (0, 1) satisfies condi-
tions of Theorem 4.15 with A (x) = In?/% x. The density of the lognormal distribution
satisfies the these conditions with i(x) = /.

4.5 A-Long-Tailed Distributions and Their Convolutions

This section and the next deal with local properties of long-tailedness and subex-
ponentiality which may be considered as intermediate properties of a distribu-
tion between that of being long-tailed/subexponential and that of having a long-
tailed/subexponential density, and are formulated in terms of the probability for a
random variable to belong to an interval of a fixed length when the location of the
interval is tending to infinity.

Define A = (0,T] for some finite 7 > 0. For any x and for any nonnegative
integer n, define also x+ A := (x,x+ T] and nA := (0,nT].

We now introduce the following definition.

Definition 4.16. A distribution F on R is called A-long-tailed if F(x+A) is a long-
tailed function, that is, for any fixed y > 0,

Flx+y+A)
F(x+A)

— 1 asx— oo,

By the property (2.18) of long-tailed functions, the latter convergence holds uni-
formly over all y in any compact set. We write also £ 4 for the class of A-long-tailed
distributions. We consider here only finite intervals A, but if we allowed the interval
to be infinite, A = (0, ), we would have £, = L, the class of long-tailed distribu-
tions.

It follows from the definition that, if F € £, for some interval A = (0,77, then
F e L, foranyn=2,3,... and also F € L. To see this observe that, for any fixed
y>0andanyn € {2,3,...,00},
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n—1
F(x+y+nA)= Y F(x+kT+y+A)
k=0
n—1
~ ¥ F(x+kT+A)=F(x+nA).
k=0

Note that any distribution F on the integer lattice with F{n+1} ~ F{n} asn — oo
(i.e. with a long-tailed density with respect to counting measure) may be also viewed
as a member of £, with A = (0, 1].

In earlier chapters we dealt with tail functions of distributions (for any distribu-
tion F and for any x, the tail F(x) = F(x+ A) with A = (0,0)). Tail functions are
monotone non-increasing, and this allowed us to prove Theorem 2.11. For finite in-
tervals A, there is in general no such monotonicity, and we need further restrictions,
given by Theorem 4.17, to obtain the inequality

liminf (F+G)x+4)

x—eo F(x+A)+G(x+A4) — (4.24)

Theorem 4.17. Let the distributions F and G belong to the class Lj, where A =
(0,T] for some finite T. Then
liminf — L * G +4)
x—e F(x+A)+G(x+A)

=1. (4.25)

Proof. Let & and 1 be two independent random variables with respective distribu-

tions F and G. Fix any a > 0. For x > 2a, we have the following lower bound:
(FxG)(x+A)=P{E+nex+A4, [§|<a}+P{C+nex+A, |n|<a}.

We also have the tail equivalences F(x+y+A) ~ F(x+A) and G(x+y+A) ~
G(x+A) as x — oo uniformly in |y| < a. Therefore, as x — oo,

Pletnerta fEl<a= [ Gleoy+a)Fa

~ G(x+A)/ F(dy)

[7‘17“]

~G(x+A)F[—a,d],
and similarly

P{é+nex+A, |n|<a}~F(x+A)G[—a,d].

Letting @ — o implies the lower bound (4.24). Now assume that, on the contrary,
the equality (4.25) does not hold, that is,

liminf — £ *@GE+4)

> 1.
x—e F(x4+A)+G(x+A)
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Then there exist € > 0 and x( such that, for all x > xg and n > 0,
(FxG)(x+nT+A)> (14+¢&)(F(x+nT+A)+G(x+nT+A)).

Summing over n > 0, we obtain

FxG(x) > (1+¢)(F(x)+G(x)),

which implies

FPaGr(x) > (1+€)(FF(x) +GT(x)),

However, since F € L, C L, it follows that the distribution F 7 is heavy-tailed, and
therefore the latter inequality contradicts Theorem 2.13. a

In the next theorem we prove that, for any A, the class £, is closed under
convolutions.

Theorem 4.18. Let the distributions F and G belong to the class L 5 for some finite
interval A = (0,T]. Then F x G € L.

Proof. Let & and N be two independent random variables with respective distribu-
tions F' and G. By Lemma 2.19 and Proposition 2.20 there exists a function 4 such
that ~(x) < x/2, h(x) — e and both F(x+ A) and G(x+ A) are h-insensitive.

Consider the event B(x,t) = {£ + 1 € x+¢+ A}. In order to prove that F « G €
L, we need to check that, for any ¢ > 0, P{B(x,7)} ~ P{B(x,0)} as x — oo. Since
the events {&€ < x—h(x)} and {n < h(x)} together imply {& + 1 < x}, we have the
following decomposition:

P{B(x,1)} =P{B(x,1), § <x—h(x)}
+P{B(x,t), n <h(x)} +P{B(x,t), & >x—h(x), n > h(x)}. (4.26)

For fixedr >0, G(x+1—y+A) ~ G(x—y+A) as x — oo uniformly in y < x — h(x),
since h(x) — oo. Therefore, as x — eo,

x—h(x)
P{B(x,1), & <x—h(x)} :/ Glx+1—y+A)F(dy)

x—h(x)
~ / G(x—y+ A)F(dy)

=P{B(x,0), £ <x—h(x)}. (4.27)
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A similar argument shows that
h(x)
P(B(r). N <h(x)} = [ Fltt-y+A)Gldy)

h(x)
~ [ FPlx—y+a)Glay)
= P{B(x,0), n <h(x)}. (4.28)
Finally,
P{B(x,t), & > x—h(x), n > h(x)}
=P{B(x,1), & € (x—h(x),x —h(x)+1+T], n > h(x)}.
The value of the latter probability is at most
G(h(x))F (x — h(x) + (0, +T)) = o(F (x — h(x) + (0, + T]))  asx — oo.
Without loss of generality, we can assume that¢# < 7. Then,
F(x—h(x)+ (0,6 +T]) < F(x—h(x)+A)+ F(x—h(x)+ T+ A).
Both terms on the right side of the above expression are of the order O(F (x+ A)),
by the choice of the function /. Thus, as x — oo,
P{B(x,1), §E >x—h(x), n > h(x)} = o(F(x+A)). (4.29)
Combining (4.26)—(4.29) we conclude that
P{B(x,1)} = (1+0(1))P{B(x,0)} + o(F(x+ A))
as x — oo, The conclusion of the theorem now follows on applying Theorem 4.17.

O

By induction arguments we obtain the following corollary to Theorems 4.17 and
4.18.

Corollary 4.19. If F € L, then, foralln > 2, F*" € L, and

*1
liminfw >n
x—e  F(x+A)

4.6 A-Subexponential Distributions

We continue our study of local properties by introducing the concept of A-subexpo-
nentiality.

Definition 4.20. Let F be a distribution on R™ with right-unbounded support. For
any fixed A = (0,7] for some finite T > 0 we say that F is A-subexponential if
Fel,and

(FxF)(x+A)~2F(x+A) asx— oo
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Equivalently, a random variable & has a A-subexponential distribution if the func-
tion P{& € x+ A} is long-tailed and, for two independent copies &; and &, of &,

P{& i+ & ex+AY~2P{Eex+A} asx— oo,

In this and the following two sections, we always consider finite intervals A.
But if we allowed the interval to be infinite, A = (0,0), then the class of (0,)-
subexponential distributions would be none other than the standard class §
of subexponential distributions on R*. For all finite A, the typical examples of
A-subexponential distributions are the same — in particular the Pareto, lognormal,
and Weibull (with parameter between 0 and 1) distributions, as we shall show in
Sect. 4.8. Also, many properties of A-subexponential distributions with finite A are
very close to those of subexponential distributions, as we shall show below. How-
ever, we have to repeat (see the previous section) that, for any distribution F, in
contrast to the tail function F, the function F(x+ A) may be non-monotone. This
leads to extra challenges in the study of A-subexponentiality (see the example on
non-monotonicity at the end of Sect. 4.8).

Note that, for any A = (0,T), any distribution F' with subexponential density f
is A-subexponential since

x+T
(FeP)+2)= [ (F+ Huldy)
~ /XMf(y)u(dy):zF(xM) asx oo, (4.30)

Further, it follows from the definition that, if F is A-subexponential, then F is
nA-subexponential for any n = 2,3,... and F € Sg. To see this observe that, for
any n € {2,3,...,00} and as x — oo,

n—1
P{&i+& ex+nAt = Y P&+ & ex+kT +A}
k=0
n—1
~2 ) P{Eex+kT+A}
k=0

=2P{& ex+nA}.

Thus we have in particular that, for any A, the class of A-subexponential distribu-
tions is a subclass of .

Note also that if we consider the distributions concentrated on the integers, then
the class of (0, 1]-subexponential distributions consists of all distributions F such
that F{n+ 1} ~ F{n} and F**{n} ~ 2F{n} as n — oo, and so coincides with the
class of distributions with subexponential densities.

We now have the following theorem which characterises A-subexponential dis-
tributions on the positive half-line R™ and which is analogous to Theorem 3.6 or
Theorem 3.7 for subexponential distributions on R and to Theorem 4.7 for subex-
ponential densities on R,
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Theorem 4.21. Suppose that the distribution F on R is such that F € L, for
some A. Let & and &, be two independent random variables with common dis-
tribution F. Then the following assertions are equivalent:

(i) F is A-subexponential.

(ii) For every function h such that h(x) — e as x — oo and h(x) < x/2,
P{& i+ & ex+A,8 > h(x),6 > h(x)} =o(F(x+A4)). (4.31)

(iil) There exists a function h such that h(x) < x/2, h(x) — oo as x — oo, the function
F(x+A) is h-insensitive and the relation (4.31) holds.

Proof. (1)=-(ii). Suppose first that F' is A-subexponential. Define the event B =
{&1+& €x+ A}. We have

P{B} =P{B,& <h(x)} +P{B,& < h(x)} + P{B,& > h(x), & > h(x)}
=2P{B, & < h(x)} + P{B,& > h(x), & > h(x)}. (4.32)

By Fatou’s lemma,

< h(x) _
liminf—IP){B7 &1 < h(x)} = liminf —F(x y+4)

Hence from (4.32), (4.33) and the Definition 4.20 of A-subexponentiality, we obtain
(4.31).

That (ii) implies (iii) is trivial since the condition F € L, implies the existence
of a function with respect to which F(x+ A) is h-insensitive.

(iii)=-(1). Now suppose that the condition (iii) holds for some function 4. We
again use the decomposition (4.32) for B as defined above. Then

)
PIB.G <hW) = [ Pyt AR
~ F(x+4) Oh(X)F(dy)

~F(x+A) as x — oo,
and so (4.31) together with (4.32) implies the A-subexponentiality of F. O

Next we prove the result which shows in particular that the subclass of
A-subexponential distributions on R is closed under the natural A-equivalence
relation.

Theorem 4.22. Let F be a A-subexponential distribution on R, for some A. Sup-
pose that the distribution G on R belongs to L and the functions F(x+ A) and
G(x+ A) are weakly tail-equivalent, that is,

A) G(x+A

.. Gx+ ) ( )
0<l1 f——= <1 ———= < oo, 4.34
SR Fara) S P EaTA) T (4.34)
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Then G is also A-subexponential. In particular, G is A-subexponential provided
G(x+A) ~cF(x+A) as x — o for some ¢ > 0.

Proof. Choose a function 4 such that k(x) < x/2 for all x, h(x) — oo as x — e and
the function G(x+A) is h-insensitive. Let &, &, &1, & be independent random vari-
ables such that &; and &, have common distribution F, and {; and {, have common
distribution G. By Theorem 4.21, it is sufficient to prove that

P{{i+ G ex+AL > h(x),5 > h(x)} =o(Gx+A)).

The probability on the left side of the above expression is not greater than

x—h(x)+T
/h( | Gty Ay =

By the condition (4.34), for some ¢| < e and for all sufficiently large x,

x—h(x)+T
Igcl/h() F(x—y+A)G(dy)

< C]]P){Cl —l—éz GX-I-A,Cl >h(x)7§2 >h(x)—T}

x—h(x)+2T
< c]/ Glx—y+A)F(dy).
h(x)—T

A repetition of the above argument now gives that

) x—h(x)+2T
r<é Flx—y+A)F(dy)
h(x)-T

< P&+ & €x+A,8 > h(x) = 2T, 5 > hix) - T}

as required, where the third line in the above display again follows from
Theorem 4.21. O

Theorem 4.23. Suppose that the distribution F on R is A-subexponential, for
some A. Let Gy, Gy be two distributions on R such that Gy (x+A)/F(x+A) — ¢;
and Gy(x+A)/F(x+A) — ¢3 as x — o, for some constants cy, ¢; > 0. Then

(G1%G)(x+A)

Flrta) — c14+c asx— oo, (4.35)

Further, if ¢c1 4¢3 > 0 then the convolution Gy x G, is A-subexponential.

Proof. Let {1 and §, be independent random variables with distributions G, and G,
respectively. Let i be a function such that 2(x) < x/2 for all x, h(x) — o as x — oo,
and the function F(x+ A) is h-insensitive. Define also the event B = {{; + {; €
x+A}. Then



4.6 A-Subexponential Distributions 89
P{B} =P{B,{; < h(x)} +P{B,{ < h(x)} + P{B,{; > h(x),&, > h(x)}. (4.36)
As in the last lines of the proof of Theorem 4.21, one can show that
P{B,Ci <h(x)} ~ Ga(x+A4), P{B,G <h(x)} ~Gi(x+4)
as x — oo, and then

PBO<h®}  P{BG<h()}

Flrta) ca, Flrtd) —Cl. 4.37)

Following the same argument as that in the proof of Theorem 4.22, we obtain
also that

P{B,{; > h(x),5 > h(x)} = o(F(x+A)). (4.38)
The result (4.35) now follows from (4.36) to (4.38).
The final assertion of the theorem follows from Theorem 4.22. O
By induction, Theorem 4.23 implies the following corollary.

Corollary 4.24. Suppose that the distribution F on R is A-subexponential, for
some A. Let G be a distribution on R™ such that G(x+ A)/F(x+A) — ¢ >0 as
x — oo, Then, for anyn > 2, G""(x+A)/F(x+A) — nc as x — . If ¢ > 0, then
G™ is A-subexponential.

We conclude this section with the result which provides of Kesten’s upper bound
for the class of A-subexponential distributions.

Theorem 4.25. Suppose that the distribution F on R" is A-subexponential, for
some A = (0,T]. Then, for any € > 0, there exist xo = xo(€) > 0 and c(g) > 0
such that, for any x > xy and for any n > 1,

F'(x4+A)<c(e)(1+€)"F(x+A).

Proof. Let {&,} be a sequence of independent non-negative random variables with
common distribution F. Put S, = &, + ...+ &,. Forxo > 0 and k > 1, put

F*(x+A)
Ay = An(x0) = sup — )
(v0) = Sup Ay

Take any € > 0. Appealing to Theorem 4.21, we conclude that xy may be chosen
such that, for any x > x,

P{E& +& ex+AE <x—x0} < (1+€/2)F(x+A). (4.39)
For any n > 1 and x > xj,

P{S,ex+A}=P{S, €x+A,&E <x—xo} +P{S,€x+A,& >x—x}
=:P(x)+ Py (x),



90 4 Densities and Local Probabilities

where, by the choice (4.39) of xy and by the definition of A,,_1,
X—X0
P = [ RS, e xm v+ A)F(@)

X—X(0
< An /0 Fx—y+A)F(dy)

=A, 1 P{&i+ & ex+AE <x—xo}
<A, 1(14+€/2)F(x+A). (4.40)

Further,

xo+7T
P (x) :/0 P{& ex—y+A,E >x—xo}P{S,_1 €dy}
< sup F(x—1+A).

0<t<xg

Thus, if x > 2x(, then
Py(x) <LiF(x+A),
where

Fly—t+A
L= sp FO=IF4)
0<1<xg, y>2x F(y +A)

If xo < x < 2xp, then P>(x) < 1 implies

P2 (x ) < 1

- =:1,.
Fx+A) = infyorrg Fx+4)

Since F € L4, both L; and L, are finite for xg sufficiently large. Put L =max(L;,L,).
Then, for any x > x,
Pr(x) < LF(x+A). (4.41)

It follows from (4.40) and (4.41) that A, <A,_1(1+¢€/2)+ L for n > 1. Therefore,
the induction argument yields

n—2
Ay <A(1+€/2)" P+ LY (1+€/2) <Ln(1+¢/2)""".
1=0

This implies the conclusion of the theorem. a
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4.7 A-Subexponential Distributions on the Real Line

As in the case of subexponential densities, for any fixed A = (0,7, there are two
candidate conditions for the extension of the definition of A-subexponentiality to
distributions on the whole real line. In this section we discuss these conditions
briefly; the situation is very similar to that of Sect. 4.3, and we again refrain from
making a judgement as to which condition is more appropriate. Thus our conditions,
for a distribution F on R, are:

(1) The distribution F* on R (given as usual by F*(x) = F(x) for x > 0 and

F*(x) =0 for x < 0) is A-subexponential.
(2) The distribution F' satisfies

Fely and (F*xF)(x+A)~2F(x+A)asx— oo, (4.42)

Again the first of these conditions clearly preserves the tail property (since this holds
for A-subexponentiality on R*), while the second does not. Further, analogously to
the situation for subexponentiality of densities, these conditions are equivalent in
the case of a distribution whose support is bounded below by some a € R.

We give here the analogues of Lemmas 4.12 and 4.13 for densities; the proofs
are similarly analogous.

Lemma 4.26. Suppose that the distribution F on R satisfies the condition (4.42).
Then the distribution FT is A-subexponential.

Lemma 4.27. Suppose that the distribution F on R is such that, for some xy and
c < oo

F(x+y+A)<cF(x+A) forallx>xpandy>0.

Suppose further that F T is A-subexponential. Then F satisfies the condition (4.42).

4.8 Sufficient Conditions for A-Subexponentiality

In this section, we give sufficient conditions for a distribution to be A-subexponential.
There is much similarity between these conditions and those conditions given earlier
for subexponentiality.

For a distribution F on R and A = (0,T], consider the new density g(x) de-
fined by

g(x):=c 'F(x+A), CZ/ODOF(x—I—A)dx.

If we prove that under certain conditions the density g is subexponential, then
by (4.30) the distribution G with density g is A-subexponential. This implies,
by Theorem 4.22, that F is also A-subexponential, since F(x+ A) = cg(x) ~
cG(x+A)/T as x — oo.

The latter observation gives us a simple way to prove the following two results.
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Theorem 4.28. Let the distribution F on R belong to the class L where A =
(0,T] for some finite T > 0. Suppose that there exist ¢ > 0 and xy < oo such that
F(x+t+A)>cF(x+A)foranyt € (0,x] and x > xo. Then F is A-subexponential.

Proof. The density g introduced above satisfies conditions of Theorem 4.14. a

The Pareto distribution (with the tail F(x) = x %, a > 0, x > 1) satisfies the
conditions of Theorem 4.28. The same is true for any distribution F' such that the
function F (x+ A) is regularly varying at infinity.

Theorem 4.29. Suppose that the distribution F on R™ belongs to the class L5 for
some finite A = (0,T]. Suppose also that for some xy the function
R(x) := —InF(x+ A) is concave for x > xo. Suppose finally that there exists a func-
tion h such that h(x) — oo as x — oo, F(x+ A) is h-insensitive, and xe R"*) — 0
as x — oo, Then F is A-subexponential.

Proof. The density g introduced above satisfies conditions of Theorem 4.15. a

To show the applicability of the latter theorem, we consider two examples. First,
we consider the Weibull distribution F on the positive half-line R* with tail function
given by F(x) =e*", x>0, ac € (0,1), and let A = (0, 7], for some finite 7. Then
it can be deduced that

F(x4+A) ~ oTx* Texp(—x%) asx — oo.

From this, we want to show that F(x+ A) is asymptotically equivalent to a function
which satisfied the condition o_f Theorem 4.29. Thus, consider the distribution F
with the tail function given by F(x) = min(1,x* 'e=*"). Let xo be the unique posi-
tive solution to the equation x' =% = ¢~*“. Then the function g(x) = —InF(x+A) is
concave for x > xp, and the conditions of Theorem 4.29 are satisfied with h(x) = x7,
v € (0,1 — ). Therefore, Fis A-subexponential and, by Theorem 4.22, F is also
A-subexponential.

Second, we consider the lognormal distribution F* with the density f given by
£(x) = e nx=1)*/20% /1 /27167 and note that the function

glx) = —ln(x*'e*(lnx*“)z/zc’z) = Inx+ (Inx — p)?/20°
is eventually concave. Since, for any fixed A = (0,77,
F(x+A)~Tf(x)

as x — oo, the conditions of Theorem 4.29 are satisfied for any function / such that
h(x) = o(x). Thus F is A-subexponential.

We now show by two examples that the classes of A-subexponential distribu-
tions differ for different A and also the complexity of the relations between these
classes. The first example deals with lattice distributions. Let the random variable &
be positive and integer-valued, with P{& = 2k} = y/k? and P{£ = 2k + 1} = y/2,
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where v is the appropriate normalizing constant. Then & has a lattice distribution F
with span 1. By Theorem 4.28, F is (0,2]-subexponential. But it cannot be (0,al-
subexponential if a is not an even integer or infinity.

In the second example, we consider absolutely continuous distributions. Assume
that & is the sum of two independent random variables: & = 1 + { where 7 is
distributed uniformly on (—1/8,1/8) and P{{ = k} = y/k? for k = 1,2,... where
v is the appropriate normalising constant. Then the distribution F of £ is absolutely
continuous. It may be verified that F is (0, 1]-subexponential, but cannot be (0,a]-
subexponential if a is not an integer or infinity.

Finally, recall that in Sect.4.6 we undertook to provide an example of a A-
subexponential distribution F where the function F'(x 4+ A) is not asymptotically
equivalent to any non-increasing function. Consider first a long-tailed function f
such that f(x) € [1/x%,2/x?] for all x > 0. Choose the function f in such a way that
[ is not asymptotically equivalent to a non-increasing function. For instance, one can
define f as follows. Consider the increasing sequence x, = 2"/ Put f(x2,) = 1/x3,
and f(x2,41) = 2/x3,, . Then assume that f is linear between any two consecutive
members of the above sequence. Consider now the lattice distribution F on the set
of natural numbers with F{n} = f(n) for all sufficiently large integers n. Then by
Theorem 4.22, F is A-subexponential, but f(n) = F(n — 1,n] is not asymptotically
equivalent to a non-increasing function.

4.9 Local Asymptotics for a Randomly Stopped Sum

In this section, we give local analogues, both for subexponential densities and for
A-subexponential distributions, of results which were given in Sect. 3.11 for subex-
ponential distributions. We show that a random sum preserves a local subexpo-
nential property of independent identically distributed summands provided that the
counting variable has a light-tailed distribution. We also establish the corresponding
characteristic properties.

As is the case for the results obtained in Sect. 3.11, the results from this section
are needed in a variety of models in which random sums may appear, including
random walks, branching processes, and infinitely divisible laws.

We again consider a sequence £, £, &, ... of independentrandom variables with
a common distribution F on R™ and their partial sums So =0, S, =& +...+&,
for each n > 1, together a counting random variable T which is independent of the
sequence {&,} and takes values in Z+.

Density of a Randomly Stopped Sum
Let u be either Lebesgue measure on R or counting measure on Z. Throughout

this section, the argument x of the density function f is either a real number if u is
Lebesgue measure; or an integer if (4 is counting measure.
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Theorem 4.30. Let {p, },>1 be a non-negative sequence such that ¥~ p, = 1 and
my, := Y~ npy is finite. Let the distribution F on R have a long-tailed density f
with respect to [. Define the density g on RT by

g(x) = 2 puf™(x).

n>1

(i) If the density f is subexponential and bounded, and if

N (148)"pn < oo

n>1
for some 6 > 0, then
g(x) ~m,f(x) asx— oo (4.43)
(ii) If the relation (4.43) holds and p| < 1, then the density f is subexponential.

Proof. The result (i) is immediate from Corollary 4.10, Theorem 4.11, and the dom-
inated convergence theorem. We prove the second result. By Corollary 4.5, for any
k>2,

liminf f* (x) /£ (x) > k.

If p; < 1then p, > 0forsome n > 2, and so, arguing as in the proof of Theorem 3.38,
it follows from the above bound and from (4.43) that

)

lim sup <n. (4.44)
voeo f(X)
By Corollary 4.5, f *(n=1) §g long-tailed and so, from (4.44) and Theorem 4.2,
LS (F ) () M)
n > limsup ———= = limsup ~—————= > | +limsuyp—————
e B e 7)) e
It follows by induction from the above bound that
%2
limsup f_(x) <2.
xoeo f(X)
Again by Theorem 4.2, this implies that lim, .. £*>(x)/f(x) = 2, which implies the
subexponentiality of the density f. a

A-Subexponential Distributions and Random Sums

Analogously to Theorem 4.30, we have the following result.
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Theorem 4.31. Let A = (0, T] for some finite T > 0. Suppose that the distribution F

on R is A-long-tailed (F € L, ), and that the random variable 7 (introduced at the

start of Sect. 4.9) is such that ET < e

(1) If F is a A-subexponential distribution and if E(1 4 6)% < e for some 0 > 0,
then

]P{Sq: €X+A}

E co. 4.4
Fored) —Et asx— (4.45)

(i) If P{t > 1} > 0 and further the relation (4.45) holds, then the distribution F is
A-subexponential.

Proof. The proof of (i) follows from Corollary 4.24, Theorem 4.25, and the domi-
nated convergence theorem. We prove (ii). Since F' € L, it follows from Corollary
4.19 that, for any k > 2,

F*k A
mmﬁ—lﬁil

minf o (4.46)

If P{7 =n} > 0 for some n > 2, then, again arguing as in the proof of Theorem 3.38,
it follows from the above bound and from (4.45) that

) F(x+A)
limsup ———= <n. 4.47
msup e < (4.47)

Since F € L, by Corollary 4.19 the convolution F*("~1) also belongs to the class
L. Hence, by (4.47) and Theorem 4.17,

. F'(x+A)
> lims —
ne P T E T A)
. (F F*=1)(x 4 A)
=1
II;LS::p G(x+A4)

F*(nfl)(x_’_A)
> 14+ limsuyp———
= TP T Ry A)

It follows by induction from the above bound that

F*2(x+A)
li — 2 <2
l?f:jp F(x+A) —

Again by Theorem 4.17, this implies that lim, .. F*?>(x+ A)/F(x+A) = 2, which
implies the A-subexponentiality of the distribution F. O
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4.10 Local Subexponentiality of Integrated Tails

In the present section we answer the question of what conditions are necessary
for the integrated tail distribution to have a subexponential density and to be
A-subexponential.

Theorem 4.32. Let the distribution F on RY be long-tailed. Then the following
statements are equivalent:
(i) F belongs to the class S*.

(ii) The density of the integrated tail distribution Fy is subexponential.
(iil) Fy is A-subexponential, for any A = (0,T], T > 0.
(iv) Fy is A-subexponential, for some A = (0,T], T > 0.

Proof. The distribution F7 is bounded from below. On the support of Fj, its density
equals F (x). Since F is long-tailed, the density of F; is long-tailed as well. Then, by
Theorem 4.7, the density of Fy is subexponential if and only if, for every function A
such that i(x) — eo as x — oo,

x—h(x) _ _ _
/  Fa Ty =ofF () asx— ==

which is equivalent to F' € §*, see Theorem 3.24. Hence (i) is equivalent to (ii).
Since F is long-tailed, Fj(x,x+ A] ~ TF(x) as x — oo, In particular, the function
Fi(x,x+ A] is long-tailed and

x—h(x) x—h(x) —
/h<> Fi(x+A—y)F(dy) :/h Fi(x+A —y)F(y)dy

(*x)
x—h(x) —
~T " F(x—y)F(y)dy asx— co.
h(x

This shows, via Theorem 4.21, why both (iii) and (iv) are equivalent to (i). O

4.11 Comments

Local theorems for some classes of lattice distributions are given by Chover, Ney,
and Wainger in [12, Sect.2]. Densities are considered in [12, Sect.2] (requiring
continuity) and by Kliippelberg in [30] who considered asymptotics of densities for
a special case (see also Sgibnev [44] for some results on densities on R).

Much of the material of this chapter is adapted from the paper by Asmussen,
Foss, and Korshunov [3].



Chapter 5
Maximum of Random Walk

In this chapter, we study a random walk whose increments have a (right) heavy-tailed
distribution with a negative mean. The maximum of such a random walk is almost
surely finite, and our interest is in the tail asymptotics of the distribution of this
maximum, for both infinite and finite time horizons; we are further interested in the
local asymptotics for the maximum in the case of an infinite time horizon. We use
direct probabilistic techniques and show that, under the appropriate subexponential-
ity conditions, the main reason for the maximum to be far away from zero is again
that a single increment of the walk is similarly large.

We present here two approaches for deriving such results, the first using a first
renewal time at which the random walk exceeds a ‘tilted’ level and the second us-
ing classical ladder epochs and heights. It turns out that the former approach is
more direct since it is based on more elementary arguments, and we start with it in
Sects. 5.1 and 5.2. In Sect. 5.1 we deal with the infinite time horizon and first ob-
tain a general lower bound, and then the correct asymptotics, for the distribution of
the maximum. Similar results for finite time horizons (with uniformity in time) are
given in Sect. 5.2.

We then turn to the classical ladder heights approach. This allows us to obtain
both tail and local asymptotics for the maximum of the random walk in the case
of an infinite time horizon. In Sects. 5.3 and 5.4 we recall known basic results on
the ladder structure and on taboo renewal measures. In Sect.5.5 we give results
on bounds and asymptotics for both the tail and the local probabilities of the first
ascending ladder height; this will lead to another proof of the tail asymptotics for the
infinite-time maximum of the walk (Sect. 5.6), and also to the asymptotics for the
local probabilities of the distribution of the maximum (Sect. 5.7). Finally, in Sect. 5.8
we present the asymptotics for the density of the maximum in the case where this
density exists; this is also based on the ladder-heights representation. In each of
three Sects. 5.6-5.8, we show that a corresponding condition on the distribution to
belong to the appropriate class is not only sufficient, but also necessary, for the
desired asymptotics to hold.

S. Foss et al., An Introduction to Heavy-Tailed and Subexponential Distributions, 97
Springer Series in Operations Research and Financial Engineering,
DOI 10.1007/978-1-4419-9473-8_5, (©) Springer Science+Business Media, LLC 2011
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5.1 Asymptotics for the Maximum of a Random Walk
with a Negative Drift

We give an elementary probabilistic description of the asymptotic behaviour of the
distribution of the maximum of a random walk with negative drift and heavy-tailed
increments (see Theorem 5.2 below). The underlying intuition of the result is that
the only significant way in which a large value of the maximum can be attained is
through “one big jump” by the random walk away from its mean path. We give here
arelatively short proof from first principles which captures this intuition. It is similar
in spirit to the probabilistic proof related to the ladder heights (which may also be
of use for deriving local asymptotics), but by considering instead a first renewal
time at which the random walk exceeds a “tilted” level, the argument becomes more
elementary. In particular, subsequent renewals have an asymptotically negligible
probability under appropriate limits, and results from renewal theory — notably the
derivation and use of the Pollaczeck—Khinchine formula — are not required.

We proceed with the proof by deriving separately the lower and the upper bounds,
since no restrictions (apart of the negativeness of the mean!) are required for the
former to hold while subexponentiality is needed for the latter.

Let &y, &, ... be independentidentically distributed random variables with distri-
bution function F such that E§; = —a < 0.LetSo=0,S, =& +...+ &, forn>1be
the associated random walk. Let M;,, = max(S;,0 <i < n) for n > 0 be the finite time
horizon maximum of the random walk S, and let M = sup(S,,n > 0) be its global
maximum. It follows from the Strong Law of Large Numbers that P{M < =} =1,
and our interest in this section is in the distribution of M.

We start with the lower bound, which is proved by a quite elementary equilibrium
identity.

Theorem 5.1. Suppose that E§; = —a < 0. Then, for any x > 0,
F
P(M > x} > L LDy
a+ [TF(y)dy’

and, in particular,

liminf ——— { >x}
X—00 Fl( ) a

Proof. Let & be a random variable with distribution F which is independent of M.
Then M has the same distribution as (M + &)™ := max(0,M + &). Now fix x > 0.
For z > 0 consider the function

X ify <ux,
L(y)=qy ify€e(xx+z],
x+z ify>x+z
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Since this function is bounded, EL,(M) is finite and EL, (M) = EL,(M + &).
Therefore,

E(LZ(M‘Fé) _LZ(M)) =0.

We have [L,(M+&)— L, (M)| <|&| forallzand L,(M +&)—L,(M) — L(IM+&) —
L(M) as z — oo where

_ fxify<x,
L) = {y ify > x.

Hence, by dominated convergence, we obtain the equality
E(LM+E&)—L(M)) =0. 5.1)
We make use of the following bounds. For y € [0, x],

Ly+8)—L(y) = 6+E—0)Hy+& >x} = (§ —n){E >},

and so
E{L(M+&)—LM):M <x} > E{E—x:E >xPM<x}. (5.2
Fory > x,
Liy+&)—L(y) = ¢,
and so

E{L(M+&)—L(M);M > x} > EEP{M > x}. (5.3)
Substituting (5.2) and (5.3) into (5.1) we get the inequality

E{& —x;& > x}P{M <x} < —EEP{M > x}.

Therefore,
E{& —x; “F
HD{M>X} 2 {é x?é >x} — fx w(_y)dy ,
a+B{E—-x;E>x}  a+ [CF(y)dy
where the final equality follows from (2.23). a

We now give our main result of this section, for the asymptotic behaviour of the
tail of M.

Theorem 5.2. Suppose that, in addition to the condition EE| = —a < 0, the inte-
grated tail distribution Fy is subexponential. Then

P{M > x} ~a 'Fi(x) asx— oo.
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Proof. By Theorem 5.1, it is sufficient to establish the upper bound associated with
the required asymptotics. Given € > 0 and some (eventually large) A > a, define
renewal times 0 =: 1) < 1) < 7, < ... for the process {S,} by

Ti=min{j >1:5;>A—jla—€)} <e
(here we make the standard convention min & = o), and, for k > 2,

T = ©°, if Tk—1 = ©°,
T = T +min{j > 1 2S4St >A—jla—eg)}, ifg_ g <e.

Observe that, for any £, the joint distribution of the vectors
(Tla S‘L’] )7 (TZ - Tla S‘L’z - S‘L’])7 ceey (Tk - Tk*lu S‘L'k - S‘L'k,l)7 (54)

conditioned on T, < oo, is that of independent identically distributed vectors. Since
E&; < 0, by the Strong Law of Large Numbers,

Y:=P{11 <o} >0 asA— oo, (5.5)

Define also Se, = —eo. Since 7; = nimplies S,_] <A — (n—1)(a —¢€), we now have
that, for all sufficiently large x,

P{Sz >x} = Y P{t; =n,S, >x}
n=1

< i P{S,-1 <A—(n—1)(a—¢),S, > x}

n=1

< i]P’{én >x—A+(n—1)(a—¢)}.

n=1

Therefore, again for all sufficiently large x,

Fix—A—a+eg), (56)

P{S;, >x} < if(x—A—&-n(a—s))g

n=0 a—g

where the second inequality above follows from this observation: for any #,

_ A 1 x—A+n(a—e) J
F(x—A+n(a—g)) < / F(y)dy.
(x n(a )) a— & Jx—A+(n—1)(a—¢) (y) Y

Let @i, ¢, ... be independent identically distributed random variables having
tail distribution

P{p; > x} =P{S;, > x|11 <o}, x€eR.
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Then, from (5.6) and since Fj is long-tailed,

P{p; >x} <G(x), x€R, (5.7)
for some distribution function G on R satisfying

Gx) 1
SRE " a=e) oy

It follows from the subexponentiality of F; and Corollary 3.13 that the distribution G

is subexponential. Thus, by applying Theorem 3.37 with a geometrically distributed
independent stopping time, we have

(1=9) Y 7°G*(x) ~ ——G(x) asx— .

k=0 1=y
From the stochastic majorisation (5.7) and the relation (5.8), we now get the follow-
ing asymptotic upper bound:

y+o(1)
(1=

l+o(1) =
< ———Fix) asx—o. (59)

(1-7)*(a—eg)

If M > x then there exist 7 and j € [T, Tx;1) such that S; > x. Then necessarily
Sz, > x—A+a— €. (To see this assume that, on the contrary, S;, <x—A+a—e<x.
Then 7 < j < Tgy1 and Sj — Sy, >x— (x—A+a—¢€)=A—a~+ €. Hence we have
the contradiction that 7, < j.) It follows that

IN

YP{or + ...+ > x) G(x)

e

{M>x} C U{STk >x—A+a—¢}.
k=1

We thus have (again for sufficiently large x) that
P{M >x} < Y P{S;, >x—A+a—¢e}
k=1

< Z)/‘IP’{(Pl—F...—i-(pk >x—A+a—¢€},
k=1

by (5.4) and by the construction of the random variables ¢;. Also using (5.9), we
now have
P{M > x} - 1

MPTEW S a0 72
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Now let A — oo, so that ¥ — 0 by (5.5), and then let € — 0 to obtain the required
upper bound:
P{M > x} < 1

limsup ——— O
el TFx —a

5.2 Finite Time Horizon Asymptotics

We continue to study the random walk with negative drift introduced in the previous
section. Recall that M,, = max(S;,0 < i < n) is defined to be the maximum of the
random walk to time #n. In this section we derive asymptotics, uniform in n, for
the probability P{M,, > x} as x — e under heavy-tailedness assumptions. If F is
(whole-line) subexponential and »n is fixed then, since subexponentiality is a tail
property and by Theorem 2.40, the inequalities

n
Sy <M, <Y &F
k=1

imply that
P{M, > x} ~nF(x) asx— oo.

In the next theorem we produce asymptotics which are uniform in n. The under-
lying intuition of the result is again that the only significant way in which a high
value of the partial maximum can be attained is via a “big jump” of one of its incre-
ments. The proof of the lower bound is based on direct computations and requires
the extra assumption of long-tailedness of the distribution F of the increments &;.
The proof of the upper bound is similar to that of Theorem 5.2, although the condi-
tion of that theorem that F7 be subexponential requires to be strengthened slightly to
F € 8" (see Sect. 3.4 and in particular Theorem 3.27).

In what follows we write f(x,n) > (1+o0(1))g(x,n) as x — oo uniformly in
n>1if

~—

limint inf £ 5"
xX—oo p>1 g(x, n)

=1,

and we write f(x,n) ~ g(x,n) as x — oo uniformly in n > 1 if

wap L1

)

— 0 as x — oo,
n>1

Theorem 5.3. Let EE = —a < 0. Suppose that the distribution F is long-tailed
(F € L). Then

1+0(1) x+na ) )
P{M, > x} > —/ F(y)dy asx— oo, uniformlyinn>1. (5.10)
a X
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If, in addition, the distribution is strong subexponential (F € §*) then

1 [xtna_
P{M, > x} ~ Z/ F(y)dy asx— oo, uniformlyinn>1. (5.11)
X

Proof. We prove first the lower bound given in (5.10). Since E&; < 0, it follows
from the Strong Law of Large Numbers that, given € > 0 and 6 > 0, we can choose
A sufficiently large that

P{|Sx+ka| <A+keforallk<n}>1-—6 foralln>0. (5.12)

Then the following lower bound is immediate:

n—1

P{Mn >)C} = Z P{Mk <X, Sk+1 >)C}
k=0

n—1
> Y P{My <x, |Sj+ ja| <A+ je forall j <k,
k=0

Er1 >x+A+k(a+e)}.

By the independence of random variables &; and by (5.12), we have

n—1
P{M, > x} > Y P{M; <x,|S;+ ja| <A+ je forall j <k}
k=0
xP{&11 > x+A+k(ate)}
n—1
> Y (1-28)F(x+A+k(a+te)),
k=0

where the last inequality holds for all x sufficiently large that
P{M>x} <6 (5.13)

which implies that P{M; > x} < § for all k. By summation of the inequalities

o 1 x+(k+1)(a+e)
Pletatkate)> —— [ Fly+A)dy,

“+k(a+e)

we get

P{M, S 1228 et s AV
x> —= (v A)dy

Since F is assumed to be long-tailed, it now follows that

PiM - 1-368 x+n(a+8)ﬁ )d
> > =2 [ F )y
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for all x sufficiently large that (5.13) holds. That the inequality (5.10) holds with the
required uniformity in n now follows by letting &, € — 0.

We now prove (5.11). Here F is assumed to belong to the class 8%, so it is in
particular long-tailed. Hence, it is sufficient to establish the upper bound in (5.11).
Given € > 0 and A > a, define renewal times 0 =: 1) < 7} < T» < ... for the pro-
cess {Si} as in the proof of Theorem 5.2.

Analogously to (5.6), we obtain

n—l_ 1
P{Sqnn>x} < Y Fx—A+k(a—¢)) <
k=0

x+na _
/ F(y—A—a+eg)dy.
a—E& Jx

Since F is long-tailed,

14+¢ [xtna__
P{Samn > x} < / F(y)dy (5.14)

for all sufficiently large x uniformly in n > 1. This means that we can choose xg such
that (5.14) holds for all x > xg and foralln =1,2,....
Let @41, @u2,... be independent identically distributed random variables such
that
P{@,1 > x} =P{Stnn > x|T) <o}, x€eR.

Then, from (5.14), for x > x,
X+na __
P{@,1 >x} < / Gn(y)dy, xeR,n>1, (5.15)
X

for some distribution function G, on R satisfying

Gulx)  1+e¢
PR F)  fa-e) e

From the condition F € 8" and Corollary 3.26, we have G, € §*. We may now apply
Corollary 3.40 with a geometrically distributed stopping time to obtain that

Z PGiF(x) ~ Lﬁn(x)

as x — oo uniformly in n > 1. Using also the conditions (5.15) and (5.16), we get the
following asymptotic upper bound:

i YP{Qui 4. 4 Qi > x} < HO(I)E (x)

k=1 (1 7’}/)2
1+8+0(1) x+na __
N m/x F(y)dy (517

as x — oo uniformly in n > 1.
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If M,, > x then there exist 7 <n and j € [T, Tet1 ) such that S; > x. Then, exactly
as in the proof of Theorem 5.2, we have that necessarily S;, > x—-A+a—e¢. It
follows that

{M, >x} C U{ka/\” >x—A+a—¢}.
k=1

Therefore,
P{M, >x} < Y P{Syrn >x—A+a—¢}
k=1

<Y AP{oui+...t @ >x—A+a—¢},
k=1

by the construction of the random variables ¢;. Using (5.17) we obtain

lim sup sup PAM, > x} < L+e .
ez [LTF (v)dy ~ (a—€)(1—7)?

Now first let A — oo, so that y — 0 by (5.5). Then let € — 0 to obtain the required
upper bound

. P{M, > 1
hmsupsup% <-,
xoe izl [ F(y)dy T a

which, together with the lower bound (5.10), implies the required uniform asymp-
totics (5.11). a

We conclude this section with the following theorem which is nothing other than
the principle of a single big jump for M,,. For any A > 0 and € > 0 consider events

Be:={1;+ajl < je+Aforall j <k, Gy > x+ka}

which, for large x, roughly speaking means that up to time k the random walk S
moves down according to the strong law of large numbers and then makes a big
jump up. As stated in the next theorem, the union of these events describes the most
probable way by which large deviations of M), can occur.

Theorem 5.4. Let EE = —a < 0 and F € §8*. Then, for any fixed € > 0,

a

lim lim inf P{U"" B, |M,, > x} > )
A, im It PRS0 Bl >} = o

Proof. Since, for k < n — 1, each of the events

Byi= {\Sj+aj| <jetAforall j <k, My <x, & i >x+A+k(a+e)}



106 5 Maximum of Random Walk
is contained in By and implies that S; > x so that M,, > x, we consequently have that

]P’{U” lBk}

15
P{Ui_oBr|My, > x} > P{U}_ Bi|M, > x} = B{My > 2}

(5.18)
The events Ek are disjoint, hence
P{U_gBk} = 2 P{By}.

As was shown in the proof of the previous theorem, for any fixed 8 > 0, there exists
A such that, for all x > A,

P{U;_ Bk} >

1—8 [xtn(ate) _
F(y)dy.
e /x (v)dy

Substituting this estimate and the asymptotics for M,, into (5.18) we deduce that

(1-298)a
> — .
)!Eggﬂ?{uk oBk|My, > x} e
Now we can make 0 > 0 as small as we please by choosing a sufficiently large A.
This completes the proof. O

5.3 Ladder Structure of Maximum of Random Walk

In this section we give an overview of the approach for studying the maximum of a
random walk via ascending ladder heights and renewal theory. This approach goes
back to Feller [24].

We assume here that the mean of F is negative, so that S,, — —oco as x — oo, with
probability 1. Then M is finite with probability 1 and the first strictly ascending
ladder epoch

N+(1)=n4 :=min{k >1:5; >0} <

is defective (we put min & = o). The random variable Sy, , which is the first positive
sum, is called the first strictly ascending ladder height; here S.. = —oo. Since the
random variables &; are independent and identically distributed and since 1. is a
stopping time, given that 1 < co, the random variables &, 44, k =1, 2,..., are
mutually independent and do not depend on {n,&;,...,&,, }.

The subsequent (strictly) ascending ladder epochs are defined by induction. If
the nth ascending ladder epoch 1 (n) is finite, then define the (n+ 1)th ascending
ladder epoch n4(n+ 1) by

Ny (n+1) := min{k > 14 (n) : S > Sy, ()} < oo
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The random variable Sy, ) is called nth stricily ascending ladder height. Again,
given that 14 (n) < e, the random variables é‘m(,,”k, k=1, 2, ..., are mutually
independent and do not depend on {1 (1),...,n+(1),&1,...,Ey, (n)}- In particular,
if we define

p:=P{M=0} =P{S; <O0forallk > 1} =P{ny(1) = o}, (5.19)

then 1. (n) exists with probability (1 — p)"~! and it is finite with probability
(I—p)"

The maximum M of the random walk S, equals the maximal ladder height.
Therefore,

P{M > x} = Y P{Sy, () > %1+ (k) < oo, My (k+1) = oo}
k=1

= p X P{Sn, 0 > xns (k) <eo}(1—=p)f, x>0
k=1

Let {y. (n)} be independent random variables with common distribution

G(B) := P{y(n) € B} =P{Sy, (1) € B[N+ (1) <eo}.
Then, for any Borel set B C (0, ),

BMeB) = p Y Bly(l)+ ...t yu(k) €BY(1—p)h.  (5.20)
k=1

In other words, the distribution of the maximum M coincides with the distribution
of the randomly stopped sum y; (1) + ...+ y (), where the stopping time 7 is in-
dependent of the sequence {y (n)} and is geometrically distributed with parameter
1 —p, thatis, P{t =k} = p(1 —p)k fork=0,1,.... Equivalently,

M =, G*". (5.21)

5.4 Taboo Renewal Measures

Define the taboo renewal measure on R™

H (B) =T{0 € B} + > P{$;>0,..., S, >0, S, € B}. (5.22)

n=1
Since the vector (&,, ..., &) has the same distribution as the vector (&, ...,&,),
P{S; >0,...,S,>0,S, € B}
== ]P){én > 0,&,,-‘1- én—l > O,...,Sn > O,Sn E B}
= ]P{Sn *Snfl > O,Sn *Sn72 > 07'~~»Sn *SO > O,Sn € B}
= ]P){Sn > Snflasn > Sn72;~-~7Sn > S(),Sn GB}-
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The latter event means that S, is a strict ladder height taking its value in B. Summing
over n, we get the following interpretation of the taboo renewal measure H.. As
above, p =P{M = 0}.

Lemma 5.5. For any Borel set B C (0,0), H,(B) is equal to the mean number of
strict ascending ladder heights in the set B. In particular,

kp(1—p)* = (1-p)/p,

Ms

H+ (Oa °°) =
k

1
so that the measure H.. is finite, and
H_,'_[O’oo) =1 +H+(07°°) = l/p

Let n—(1) = n_ := min{k > 1 : S; <0} be the first (weak) descending ladder
epoch and define subsequent (weak) descending ladder epochs by, for n > 1,

N-(n+1) == min{k > 1 (n) : S <Sp_(m}-

Define also y_ (1) = y_ :=§;_ to be the first (weak) descending ladder height, and,
forn > 2, define n-th descending ladder height by y_(n) = Sy_(,y —Sp_(s—1)- Since
P{S, — —eo} = 1, the random variables 1_ (n) and y_(n) are all proper. Moreover,
En_ < eosince, by Lemma 5.5,

En-

1+ Y P{n_>n}
n=1

=1+ Y P{$;>0,...,5,> 0}
n=1

= H.[0,=) =1/p. (5.23)

Lemma 5.6 (Wald’s identity). Let T be a non-negative integer-valued random
variable such that, for every n,

the event {t < n} does not depend on &, 1. (5.24)
Then ES; = ETEE,, provided both Bt and E|&;| are finite.

Proof. We make use of the following decomposition:
i N
ES: = Y E{Su;t=n}=Y > E{&:;T=n}. (5.25)
n=0 n=1k=1

We may change the order of summation because these double series converge abso-
lutely. Indeed, for non-negative summands,

> SE(

n=1k=1

t=n} = Y E{&T> K.
k=1
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By condition (5.24), the event {7 > k} = {t < k— 1} does not depend on &, so that

t=n} = Y E|&[P{r > k} = ETEJ&)| < e,
k=1

> SE(
n=1k=1

due to the finiteness of ET and E|&;|. Hence the change of order of summation in
(5.25) is justified and we obtain the equality

ES; = Y E{&:1 >k}
k=1
Again, independence of {7 > k} and & finally yields
ES; = Y E&P{t > k} = ETEE;. O

k=1

Applying Wald’s identity to the stopping time 71— we get the equality Ey_ =
En_EE& which together with (5.23) yields

Ey_ = —a/p. (5.26)
Symmetrically to (5.22), define the taboo renewal measure on R~
H_(B) = Y P{5<0,...5,<0,S, € B}. (5.27)
n=0

Since S, — —oo, H_(—e0,0] = . Analogously to the result for A, we have the fol-
lowing representation result for the measure H_, which allows us to deduce useful
properties, such as that given by Theorem 5.8

Lemma 5.7. For any Borel set B C (—,0], H_(B) is equal to the mean number
of weak descending ladder heights in the set B, plus 1 if0 € B.

Theorem 5.8. Let EE; = —a < 0. For all x > 0,

px

H_(— >
(0> 2

If the distribution F is concentrated on the lattice 7 with the minimal span 1, then
H_{—k}—p/a ask— e, keZ.
If the distribution F is non-lattice, then, for any fixed T > 0,

H_(—x+[0,T)) —Tp/a asx— co.
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Proof. Define
vi=min{n>1:8, () < —x}
=min{n>1:y_(1)+...+y_(n) < —x}.

By Lemma 5.7, H_ is the renewal measure generated by the independent identi-
cally distributed random variables y_(n), n > 1. Since Vv is equal to the number
of renewals in the interval (—x,0] except O plus the first one in (—eo, —x], we have
H(—x,0] =Ev.

We have y_ (1) +... 4+ w_(v) < —x. Also, since V is a stopping time, by Wald’s
identity E(y_(1) + ... + w_(v)) = EvEy_. Therefore, Ev > —x/Ey_, where
Ey; = —a/p from (5.26), so that Ev > px/a, giving the required proof of the
lower bound for H_ (—x,0].

The local asymptotics for the renewal measure H_ are particular cases of the key
renewal theorem, see Feller [24]. O

5.5 Asymptotics for the First Ascending Ladder Height

In this section we again assume that E§; = —a < 0 so that S, — —o and define
p:=P{M =0}.

It follows from the representations (5.20) and (5.21) that the distribution of the
maximum M of the random walk (S,,, n > 0) is determined by the distribution of the
first positive sum Sy, in a rather simple way and we recall in this section a number
of results on the latter.

It follows from (5.27) that the distribution of the first ascending ladder height
possesses the following representation: for B C (0,c0),

-0
P{S,, € B} = / F(B—1)H_(dr), (5.28)
so that
1 0
Ply: €B) = 1— / F(B—1)H_(dr). (5.29)
Lemma 5.9. Under the condition E§, = —a < 0 and without any further restric-

tions, the following lower bound holds:
P{Sy, >x} > 2 / F(t)dt  forall x> 0.
a Jx

If, in addition, the integrated tail distribution Fj is long-tailed, then the following
tail asymptotics hold:

P{Sy, >x} ~ pFi(x)/a asx— oo.
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Proof. The integral in (5.28) with B = (x, o) may be represented as
0
/ Flx—1)H_(di) = (F » H_)(x,)
- / H_(—1,0)F (x +dr). (5.30)
0
Applying here Theorem 5.8 and equality (2.23) we get
/ H_(—t,0]F (x+dt) > I—)/ tF(x+dt)
0 aJo
= I—JIE{i —x;& >x} = 2/ F(t)dt,
a a Jx
which by (5.28) implies the first conclusion of the lemma.
To prove the second assertion of the lemma, fix any € > 0. It follows from
Theorem 5.8 that there exists ¢ such that, for all # > 0,
H_(—t,0]<c+(p/a+e)t.

Then

/ooH,(—t,O}F(x—th) < /w(c—k (p/a+€)t)F(x+dr)
0 0

cF(x)+(p/a+e) /:f(t)dt.

Since F; is here assumed long-tailed, by Lemma 2.25, F (x) = o(F;(x)). Therefore,
/ H_(—t,0)F(x +di) < (p/a+2¢)Fi(x)
0

for all sufficiently large x. Taking now (5.30) and (5.28) with B = (x, ) we deduce
the upper bound

P{Sy, >
limsup M
Xsoo Fr(x)

By letting € — 0 and combining this result with the first assertion of the lemma, we
complete the proof of the second assertion. O

< p/a+2e.

For local probabilities, the following result holds.

Lemma 5.10. Let EE; = —a < 0 and let the distribution F be long-tailed. If F is
not lattice then, for any fixed T,

Tp—
P{Sy, € (x,x+T]} ~ —pF(x) as x — oo,
a
If F is concentrated on the lattice 7 with minimal span 1, then

N D=, . . .
P{Sn, =j} ~ ZF(]) as j— oo, jE L.
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Proof. Assume that the distribution F is non-lattice (the proof in the lattice case is
similar). Then, from the representation (5.28) with B = (x,x + T], we get

P{Sy, € (x,x+T]} = /0 Flx—t,x+T —JH_(dr)
= (F+«H_)(x,x+T]
- /:H,(—t,—HT]F(Hdz). (531)
Fix any € > 0. It follows from Theorem 5.8 that there exists #y > T such that
Tpla—e<H_(—t,—t+T|<Tp/a+e forallr>t.

Then, on the one hand, the left inequality implies that

/:H_(—t, A TIF (x4 di) > /tm(Tp/a —&)F(x+dr)

= (Tp/a—¢€)F(x+1t).

On the other hand, the right inequality gives

oo

/OMH_(ft,ftJrT}F(erdt) < c/()toF(x+dt)+ (Tp/a-+e)F(x-+di)
= cF(x,x+ 1]+ (Tp/a+€)F(x+1to),

where ¢ := sup,~o H_ (—t,—1+T]. Since F is assumed long-tailed, F (x+1y) ~ F (x)
and F(x,x+1y] = F(x) — F (x +1) = o(F(x)) as x — . Hence, for all sufficiently
large x,

(Tpja—2¢)F / H_ (1,1 +T|F (x+di) < (Tp/a+2¢)F(x).
Substituting these inequalities into (5.31) we obtain that
(Tp/a—2¢e)F(x) <P{Sy, € (x,x+T]} < (Tp/a+2€)F(x).
Letting € — 0 we complete the proof. o

Lemma 5.11. Let EE; = —a < 0 and let the distribution F have a density f on RT.
If the function f is long-tailed, then the density of Sy, is asymptotically equivalent
to pF(x)/a as x — oo

Proof. By the representation (5.28), the density of Sy, is equal to

/ " -0 (dr). (5.32)
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Since f(x) is long-tailed,

x+1
Flex+1)= [ f0)dy~ 1) asx—en

Thus, the integral (5.32) is asymptotically equivalent to
0
/ Flx—t,x+1—1H_(dr).

As shown in the proof of the previous lemma, this integral is asymptotically equiv-
alent to pF(x)/a as x — oo. 0

5.6 Tail of the Maximum Revisited

Here we provide an alternative proof of Theorem 5.2 using the ladder height struc-
ture of the maximum. Also, we prove the converse result that the standard asymp-
totics imply subexponentiality.

Theorem 5.12. Suppose that EE = —a < 0. Then P{M > x} ~ F(x)/a as x — o
if and only if Fy is subexponential.

Proof. If F; is subexponential then it is in particular long-tailed so that we can ap-
ply Lemma 5.9. Then, by Corollary 3.13, the distribution of y is subexponential
too. From the representation (5.20) and from Theorem 3.37, we thus obtain that, as

P >3} = p X By (1) +.oo s (6) > 6} (1= p)F
k=1

~ pP{y >} Y k(1 - p)f
k=1

= ]P){STH >X}/p7

which, by Lemma 5.9, yields the desired asymptotics for the tail of the maximum.
Now we prove the converse. Assume that P{M > x} ~ F(x)/a as x — c. From
the first result of Lemma 5.9 it follows that

P{y; >x} = G(x) > Golx) := ﬁ /:F(z)dt for all x > 0.

Since Go(x) < G(x),

~ Fi(x)/a asx— oo,
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by the hypothesis. Applying Theorem 3.38 with geometrically distributed 7 to the
distribution G on the positive half-line we deduce that G is subexponential. Then,
by Corollary 3.13, Fj is subexponential too. a

5.7 Local Probabilities of the Maximum

Any subexponential distribution is long-tailed. Hence, under the conditions of
Theorem 5.2, for any fixed T, P{M € (x,x+T]} = o(F(x)) as x — . Some appli-
cations, however, call for more detailed asymptotics of the random walk maximum
than are given by Theorem 5.2. For this, we need F to be strong subexponential,
F € 8%, which, by Theorem 3.27, implies that Fj € 8.

As above, for T € (0,0), we put A = (0,7].

Theorem 5.13. Suppose that EE = —a < 0 and that the distribution F is long-tailed.
Then the following statements are equivalent:
(i) F € 8"
(i) P{M € (x,x+T]} ~ TF(x)/a as x — oo
(if the distribution F is lattice then x and T should be restricted to values of
the lattice span).

Proof. Assume that the distribution F' is non-lattice (the proof in the lattice case is
similar). Since F' € L we have from Lemma 5.10 that

Tp—

P{Sy, € (x,x+T]} ~ —F(x) asx— oo, (5.33)

a
Again since F' € L it follows in particular that the distribution of y is A-long-tailed.
It follows from Theorem 4.32 (and the result that membership of 8* is a tail property
of a distribution) that the relation F' € 8" is equivalent to the A-subexponentiality of
the integrated tail distribution Fj. In turn, it follows from the equivalence (5.33) and
from Corollary 4.24 that the distribution of v is A-subexponential if and only if /7
is so. Thus, the distribution of y; is A-subexponential if and only if F € §*.

From the representation (5.20) and from Theorem 3.37, we have

P{Mex+A} =p Y P{y (1) +...+ y (k) ex+A}1—p)h
k=1
By Theorem 4.31, the probability on the right is asymptotically equivalent to

Py, €x+Abp 3 k(1 - p) = Ply, €x+A}(1—p)/p
k=1

as x — oo if and only if the distribution of y is A-subexponential. By (5.33),



5.8 Density of the Maximum 115

P{y, ex+A}(1—p)/p = PSy, €x+A}/p
~TF(x)/a asx— oo,

Combining the above statements, we thus obtain the stated result. O

To conclude this section note that it follows from the above theorem that if F € §*
then, for any 7" > 0,

1 /T _
]P’{MG(x,erT]}NZ/ F(y)dy asx— oo,
X

It therefore follows that, for any 7p > 0, this asymptotic result holds uniformly in
T >Tp.

5.8 Density of the Maximum

The distribution of the maximum M of a random walk with negative drift always
contains an atom at the origin, i.e. P{M = 0} = 1 — p. In this section we are con-
cerned with the absolutely continuous part of the distribution of M. We assume that
the conditional distribution of & given that £ > 0 is absolutely continuous. Thus let
f(x) > 0 be a function such that

F(B):/Bf(x)dx for any B € B(0,0).

Then the distribution of the maximum M is the sum of the atomic distribution of
weight p at zero and an absolutely continuous distribution with a density m(x),
where [y m(x)dx=1—p.

Theorem 5.14. Suppose that EE = —a < 0 and that f is long-tailed. Then the
following statements are equivalent:

(i) F € 8"

(i) m(x) ~ F(x)/a as x — oo.

Proof. Since f is long-tailed we can apply Lemma 5.11 which states that the density
g(x) of Sy, is asymptotically equivalent to pF(x)/a as x — . In particular, the
density g(x)/(1 — p) of y, is long-tailed. By Theorem 4.32, (and again the result
that membership of 8" is a tail property of a distribution) the relation F € 8* is
equivalent to subexponentiality of the integrated tail density of F;. In turn, it follows
from the equivalence g(x) ~ pF (x)/a and from Theorem 4.8 that the density of v/,
is subexponential if and only if the density of Fj is also. Thus, the density of y is
subexponential if and only if F € §*.
From the representation (5.20) and from Theorem 3.37, we obtain

(8/(1=p))™ (1~ p)-.

M s

m(x) = p

k=1



116 5 Maximum of Random Walk

By Theorem 4.30, the density on the right is asymptotically equivalent to
8§ g &
£ )y k(1 -p)f = £ F )
= p

as x — oo if and only if the density of y is subexponential. The above statements
together yield the desired equivalence of (i) and (ii). a

5.9 Example of Explicitly Calculable Ascending Ladder Heights

There are only a few cases where the distribution of the first strictly ascending ladder
height Sy, may be explicitly calculated. This leads to new local theorems and to
better bounds and asymptotics than are in general available.

We consider one such case, where the distribution function P{ &< x} is expo-
nential for negative x. This case in important in applications (for example in risk
theory and in queueing) where & may be represented as a difference o — 7 of two
independent random variables and 7 has an exponential distribution. Similar results
may be derived in the case of lattice distributions.

We thus assume that the left tail of the distribution of & is exponential, that is, for
some ¢ and o > 0, P{& < x} = ce® for all x < 0. Then the distribution of the first
weakly descending ladder height w_ = S;,_ is given by, for x <0,

P{y_ <x} = /:F(x— DH, (i)

= ce‘“/o e “H,y(dt),

so that ¢ [;” e~ H (dt) must be equal to one, and y_ is exponentially distributed
with parameter ¢. Hence, the renewal measure generated by y_ is that generated
by the Poisson process with intensity ¢. Therefore, by Lemma 5.7, H_ is the sum
of a multiple o of Lebesgue measure plus a unit mass at 0. Then the equality (5.28)
yields that, for any Borel set B C (0, o),

0
P{S,, € B} = a / F(B—1)di + F(B),
so that, for x > 0,
P{Sy, >x} = & / F(t)dt + F(x). (5.34)
X

In addition, by (5.26),

P{M =0} = P{n, =} = E£/ES, = —-Eéa. (5.35)
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The case where £ = 0 — T, where ¢ and T are independent and non-negative,
is of special interest as it arises naturally in both queueing and risk theory. If 7 is
exponentially distributed with parameter o« > 0 then, for x <0,

PE<at = [ PO cay)

ey
0

where B is the distribution of o, so that P{§ < x} is an exponential function for
x < 0. In addition, the distribution F is absolutely continuous with density f, say,
and forx > 0

10 = o [ e Ipay),
F) = [ (1= 0)B(ay) = Bl ~ f(x)/r
Hence, by (5.34) the density of Sy, is equal to
oF (x) + f(x) = aB(x).
Finally, by (5.35)
P{M =0} = (1/o.—Ec)o = 1—p,

where p :=Eo /E1 = aEc. Hence the representation (5.20) for the tail distribution
of the maximum M of the random walk simplifies to:

P{M >x} = (1-p) Y, p"Bi"(x) (5.36)
n=0

where B, is a proper distribution on R* with density B(x)/Eo.
Applying here the inequality B} (x) < B!(x) we obtain the lower bound

P{M > x}

Y]

(1-p) iop"u —B(x)

B 1-p _ B/(x)
1=p+pBi(x)  L4B(x)

This is slightly better than the general lower bound delivered by Theorem 5.1, since
the function .’ increases in  and B(x) > F(x), so that B,(x) > F(x)/Eo.

Some results proved earlier for the distribution of the maximum M become easier
in this case. In particular this distribution of M is the sum of an atom of mass 1 — p
at zero and of an absolutely continuous part on (0, o) with tail function given, for

x>0, by
(1=p) D, p"Bi" (x).
n=1
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Consider the monotonically decreasing density b(x) := B(x) /Ec. Then the density
m(x) of the absolutely continuous part of the distribution of M is given by

mx) = (1-p) 3 p"b(x)
n=1

Further Theorem 5.14 may be simplified as follows.

Theorem 5.15. Suppose that £ = ¢ — 7, that T has exponential distribution with
parameter o > 0, that ¢ > 0, that 6 and T are independent, and that p :== oEc < 1.
Then the following statements are equivalent:

(i) B € 8"

(i) m(x) ~ %g(x) as x — oo,

5.10 Comments

Theorem 5.2 was proved for regularly varying distributions by Callaert and Cohen
in [10] and by Cohen in [15]. For dominated-varying distributions, it was proved
by A. Borovkov in [8, Sect.22]. In its present form, it was proved by Veraverbeke
in [47] and by Embrechts, Goldie, and Veraverbeke in [21]. The proof given here
follows an idea of Zachary [48].

Theorem 5.3 was proved by Korshunov [33] under slightly different condition,
see also Denisov, Foss, and Korshunov [16, Corollary 4].

Lemma 5.9 is due to A. Borovkov [8, Sect. 22, Theorem 10].

A proof of the converse part of Theorem 5.12 is given by Korshunov [32]. It
was proved by Embrechts and Veraverbeke in [23, Corollary 6.1] and by Pakes in
[39, Theorem 1] for the case where &; is a difference of two independent random
variables & =1 — {, where { has an exponential distribution and n > 0.

Asmussen, Kalashnikov, Konstantinides, Kliippelberg, and Tsitsiashvili [4] pro-
ved that if F € 8* then, for any fixed T € (0,), P{M € x+ A} ~ TF(x)/a (if
the distribution F is lattice then x and 7" should be restricted to values of the lat-
tice span). In the lattice case, it was proved earlier by Bertoin and Doney [6].
They also sketched a proof for non-lattice distributions. The current version is due
to Asmussen, Foss, and Korshunov [3]. Density of M was studied in Asmussen,
Kalashnikov, Konstantinides, Kliippelberg, and Tsitsiashvili [4], in Asmussen, Foss,
and Korshunov [3], and in Korshunov [34].

The idea of using the inequality B}"(x) < B?(x) for proving the lower bound
given in Sect.5.9 goes back to Kalashnikov and Tsitsiashvili [28, Theorem 7]. A
different proof for that may be found in Korolev, Bening, and Shorgin [31], see
Theorem 8.7.2 there.
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